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Preface 



The (Olloiving CDUisr t'i iiUcndcd In give, in as lilmplc b wty t\ 
l>:ii\ibir. Ihc fsscnlial^ of synlhcllc prajcclivc ^cornel r>' While, 
in ihc main, ihc Ihcory ls developed aLong Ihc irll-bcBlcn Iract 
laid Dul by Ihe gteal ma^lcra af ihc subjci:!, il i\ bclirvrd Ihal 
Ibicrc has been a ivligbil smoDlhing of ihc road in some pla^'e^. 
Especially "'iLl IhK be obiencd In Ihc chapter on I nvo Lul Li>n. 
The aulhor has never fell satisfied uilh Ihe usual Ircalincnl af 
ihal^ubjccl bj mcaniv of c i rclcs and anhamionLC ralios A purely 
projective nalion ought nol to be based on mctncil raundatlous. 
Metrical devclopmcnls should be made there, as elsewhere i n I he 
Iheory, by the lntrodu^.tlo^ of [nfinHcly distanl elements 

The lulhor has departed TrQin ihc ccnlur^'-ahl cuF^tom or 
wntLug In parallel columns each theorem ind its dual. He his not 
found Ihal it conduces to sharpness of vision to try Id focu^ hi' 
eyes on Iwd things aloncc. Those who prefer the usual method 
of piDcedure cin. of course, develop ihc Iwo scIe of theorem' 
side b>' side, the aulhor has nol found this the belter plan in a^lual 
leichlug 

As regards nomenclature Ihe iuthi>r has followed Ihe lead of 
the earlier wrileis in English, lud his cillenl ihc syslcm of lines 
In ■ plane which all pass through a point tfenc'S c^'nys inslead 
of a biiniiie of ra<<^. as lalcr "■rilcrs seem inclined to do. For a 
poinl considered as made up of all the lines and pli nes I h ro u^h it In J 
he has icniured to use the term poinl h->57fni. as being Ihc nalural 
dualizaliou of ihc usual lerm plo/ie syHem He has also rejccled 
Ihc tcnn foci a^ an btvoltiiion. and his nol used [he customary 
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lfnn& lOr cl assi fylng i n vu Lul ions — lif'e/htJh: 'iivtJiiti!?ii.i:S!';<l't: 
'liviilitSit'ii and puinJMilk i'tvi'^iil'!?ii He bias lound Ihal all ih&c 
IcnnE irc very confuMng In ihc sludful, wko inevinbly Ines la 
eannecl I hem Income way wilh I he conic ^ecUonb 

EiHfugh examples have been pmviclcd Id give ihe ■vludenl a 
clear grasp of ihe Ibieoij' H»n>' are of 'vulflcienl gcneralily 
la serve as a bisl^k for individual inve'ili^iliDn on Itic pari or 
ihe aludenl. Thm, ihe ihlid enatnj^e al Ihe end of ihe fiisl 
c Kapler will be launid lo be very rniHrul in inleresling results. 
A CDirespo ndence is Iherc indicaled belivcen line^ In space and 
ckicld Itirough a lixeil pjinl in space. II Ihesludenl aiII Irace a 
feiv or the consequences of ihal coireii [u ndence, and delerminc 
whil confLguralion' of ciiclcs corrcsftrnd lo i n Ic ^se^. li ng lines, 
lo lines in a plane, lo lines of a plane pencil. Ii> Lines culling 
Itireeskew lines elc , he will have acquired no lillle practice m 
piclunng lo h im'ici r fig u res in space. 

The wnler has not IDIIowed Ihe usual pracliee of inivcrling 
historical noles al the foot of Itie page, and b.3.^ tried instead, in 
Ibie last chapter, lo give a consecutive account of Ihe history of 
puie geomeliy, or, al lea&l, of a& much of il as the ikludenl will 
be able lo appreciale who has mastered ihe coui&e as given m 
Ibic preceding chaplem One is ni>l apl lo gel a very ivuJc view 
|v| ol Ihe hislory ol a subject by reading a tiundrenl biographical 

footnotes, arranged in no son of sequence The ivriler, moreover, 
feels Itial the proper lime lo learn Ihe bii'vloij' of a ivubjecl is afler 
Ibie ■vtudent has si>ine ge neral ideas of the subject ilseLf. 

The coulee is not inlended lo furnish an illustration cfhow a 
subjecl may bedevelo[vd, fiom the smallest poivsible number of 
fundamenlil assumpiions The author iiv aware of Ihe importance 
of work of ihis sort, but he does not believe il is pjssibLe at 
Ihe preseni time to write a book along sncti lines whKh shall be 
of much use for elementary students For the purposeiv of this 
couise thesludeni ivhould have a ttioiough ground i ng inordinary 
elemenlary geomelij' so far as Ic incJude the ikludy of the ciicle 
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I nd o f ^1 mi I »r I n m^ Icv. No zo I id gco m cl ry is needed beyond I [it 
lniLeu'vcd in Ihc proof o f Des b rgiicv' Iheorcm |25J, Bnd,e>j;epl in 
ccrlaln melrical dcvelDprncnlJi of Ibie general theory, Ihc re will be 
no call for i knowledge of Ingo no rrielrj or anBLylicBl geomelry. 
NilurilLy Iheivliidenl who i^ equipped wll b I beivc s u bj ec !■> asitelL 
Bs WLlh Ibe cbIcuIus wIlL be a LiUle more mature, »nd may be 
expecled Id follow ihe counve all ihe more eB^iily. The Bulhor 
has had no difficulty, however. In presenlmg ll lo 'kludenl^ In Jhc 
frejihmin cLb^iv il Ihe UmvcPvily of CilLlomia 

Thesubjeol ol ■vynlhelic proj ee li ve gco mel ry i^.in IheojkinLDn 
of ihc wilier, denllned iihorlly Id force iDv way dawn inio ihc 
&eeandir>' schools, and if Ihl^ llllle book helpiv lo accelerale ihc 
movcinenl be '^ill feel amply repaid for Ihe iBik of working Ibe 
maleriBls inio b form aviilBble for such schools ts well asloilbe 
Id wer cl as&ei^ m ihe univeisil>' 

The m ileri aL for Ibe CO urse b»s been dr»* n f JO m many^iourccs. 
The aulhor is chiefl>' indebled lo Ibe classicil works of Reye, 
Cremona, Sicmer, Poncelel, and Von Sliudl. .\cknowledginenls 
■nd ihanks are al&o due lo P rofesso r W» I Ic r C EeLls, of Ihc U.S. 
Kivai Acidemy il ArniBpaLis, for his searching eiammilion 
and keen ^.^llcl^m of Ihc m amiHcri pi , ako lo Professor Hcrberl 
ELIiworlh Slaughl. of The Umveisily of Chicago, for hii many 
valuable suggeslions, and lo Profesivor B M Woods and Dr H. 
N. Wrighl, of Ihc Univcisily of Califoinii. who hi^'e Iricd oul 
Ihc melhods of prescnl alio n , in iheir own cli^'vC'v. 

D. rj LEHHER 

HEkKILEl ,C^LIFOK^J^ 
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CHAPTER I - ONE-TO-ONE 
CORRESPONDENCE 



1. Dellnilnn uf Dne-lH>oiie correspondence. Given ■n^' iwo 
■ic bi u f lnd I VLiiu B Is. 1 1 il is pi>s^ i b Ic li> ■>!? I up ■vui'h a co rrcs[D ndcncc 
bclwccnlhc l"'oscli IhBlIu b ny i nd n nl u al m u nc scl CDrrcijxiinH^ 
one B nd ani}' u nf indlviduil In Ihc olhcc, I tiirn Ihe IivusitK arr^Bid 
Id be \n one-io-one cifT'i^siioniie'/ce wlh each other. This nolion, 
simple Bs Ll ]&, IS of rundamrnl al imparlance in ill branches or 
5CICJ1CC. The piDces^ of counUng is nothing bul a selling up of a 
D ne- ID-D ne CD rre!i [xj ndcncc belivcc n Ihc o bj c^. !■> lo bccounlciLl and 
ccrlaln wordik, 'one,' '(WD,"lhrec,' cic .in ihe niind. Many sivBgc 
lieoples have discDvercd no heller mclliod of counling Ihan by 
■veiling up a one- ln-ime corres [x> ndcnce belivcen Ihe abjecls Id 
be counlcd and iheir fingcis. The icicmisl who busies hiinself 
wllti naming and ^ I Bsivlf^' i ng ihc objcc Is o T n b lure is4inl>' selling 
up a one- lo-one CO rresfxj ndcncc belivcen Iheabjecls and cerlBin 
wiinJ'v *hKh serve, no I as b means of counling Ihe objecliv, bul 
of lislLng Ihem m a convenienl way Thus he may be ibic li> 
maishil ind array his milrnal in ivuch i wiy ts la bnng 1o li^til 
relallon'v llial mty cxisi bc1*ecn llic objccis Ihemsclves Indeed, 
I tie whole no IId n ar J angu ige &pn ngs from Ihis ideaolonc-lo-onc 
i:q rrCkpandencc 
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2. CoiuFqiKDces of one-lo-oiie correspondeDce- The mi>si 
u'vi^IliI imil I nioi L'sli ng puibLcm Ihal ina^ iii^c in cunnecllon ^ilh 
inyonc-lo-onccarrc^jxindcnccislpiLlclcrniincju^l whal fcLb lions 
cibLing between the I nd i vid u bL^ or one aivscmblagc niB>' br 
c amcd over lo b no Ihcr isscin b Ligc i n nnc- Iihouc co rrcspj nd cncc 
wllh ll ll Is B lavonLc error lo B^sumc Ihal ■thilcvcr bioLdiv fi>r 
Dnc£cl mu'vl alvD hold for Ihe other Magicians irc ipl lo an^Lgn 
magic prorerlicv lo many of ihc wards and symbols whicbi ihcy 
Brf in Ibie biabil of using, md s^lcnllsls arcconslanlly confusLng 
objccllvc Ihingji wilh Ihc subjcc live fonnuLii for Ihcm \flcr Ihc 
physicist hansel u p carrcsr" ndcncCTi bclwccn physical facDi and 
m al hem B Ileal rami u lis Ihc ~ lnlcrprclil ion " oflhciic formulas 1:^ 
hill mosi ImporlanI Bnd difficult lisi: 



^ In milhcmaHc^, dlDn is canslBnlly being midc Id set up 
onc-lD-Dnc CO rrcspandcncci bclu'ccn iiimpic nolionn md maic 
complicBlcdoncs, or bclwccn ihc ivcl I- explored fields of research 
Bnd fields less kno"'n Thus, by means of Ihc mechanism 
employed in anilylic gcamclry, algebraic Iheorems are made Id 
yield gcojucJne ones, and vice versa. In gcomclry we geJ ■! ihc 
propenl^ of ibc conic scclians by means of Ihe pii>pcrlle!i of 
I he siralghl line, indi:iibic surfaces ire sludicd by mcBns of ihc 
[Q plane 



4. One-lH>0Be correapondencf and eDumeralion- If a onc- 
iD-one ^. PJTCS po iidem'c has been -cl up bcl.*'ccii Ihc objecis of 
one scl Bnd ihc objccis of molher scl, Ihen Ihe inference may 
u&UBlly be drawn ihal lhe>' have Ihe same number of elcmenls. If, 
hDwev'cr, there U an Infinlle number of indlvidualii in each of ihc 



4 One- [o-onc CDJTCijio ndcncc and cnuincralian 




FK. 1 



livD sclB. I he nollDn orcDunling is uecr i^ivin ly ruL«l duI. It may 
be possible, ncverlhelci'v, lo sel up a o ne-lD-o ne co rrespj ndcncc 
belwcen Ihc elcmcnli of lwi> seU even when Ihc miinbcr is 
inriiiilc. Thus. 1 1 1^ eeyy lo iel upsucbi a CDrreji po ndence between 
Ihe pDinlK of 1 Line sn lucbi long ind Ihe pom Is or a linr Iwo in^hr:^ 
Jong. Far Iel Ihc Lines (f\^. I] hr AB and A'B'. Iolu ^A'lnci BB'. 
and Jel Ihese jo lui ng line, mcel in S For every palm Con AE a 
poinl C may be found on A'B' by joining C lo 5 and noting I tic 
poinlCwheic CS mecls A'B'. SimilscLy, t point C mty be found 
on AE for tny polnl C on A'B' The corrczpiiidence iiv cIcbtLj 
one-ln-one, bul il would be »biun3 lo mler from Ihis Ihsl Iherc 
were jusi aiv miny jioinl'v oa AB t:^ oa A'B' Jn fBCI, il would he 
JiEl as rea'vi>ni b I iz lo infer Ihal Ihere werr Iwkf ts many pDinl:^ 
on A'B' Bs on AE For If we bend A'B' Inlo a ciiric wilh ^.crllc^ 
Bl S (Fig. 2f, wc ivce IhBl far every pjinl C on AE Iherc arc 
Iwo pomls on A'B'. Thus il is seen Ihal I he nolion of one-lo-onc 
[:ane'kpondencf is more extensive Ihin the notion of couulmg, 
ind includck Ihe uolion orcouuling only when ipplled lo finlle 
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FfG. 2 



la&f m bl Bgiriv. 



S. CoiT«pondfnce belwefn a pari aod Ihe ubole of an 
inllnile asemblase. in Ihc dlvu^'vlon af Ihc Jul parsgrapli 

Ibiir rcnii rk able fii:! v.t'^ biDughl In light Ihsl il n 'vDmclime^ 
joi'viblc lo scl Ihc clcmcnls of bo a^ic^lblagc Inio onc-lo-onc 
CO ^c'vpal^llcn^. c wllbi a p»rl of IhaHf clcmcnls A mamcnl'i 
reflex lio n wl] I CO nv I ncc o nr Ihillhisis nf vcr pciM bic u he n Ihcrc 
m a finilc number of elrmcnK in Ihc assemblage — Indcenl. wc 
may like I his pn>perli asour lierLnllLonof »n Lnfimle asivcmblBgc, 
and say Ihal m infimle asivcmblBgc a ane Ihil mi>' be pul iniD 
Dnc-lD-Dnc caire^jxt ndcncc Ailh gtul or ll&elr. This his Ihc 
idvanlagc of being i pc&illvcdcfimliDn, as opiwsed lo Ihc usual 



6. lufinllfl}' dcvlinl point 5 

ncgalivf dcfinlliau or an Lufinilc Bn&cmbl agr i^ oac Ihal csnnol 
be CDUnlf d. 



6. InHailel)' dBlanI poial. Wc have illu'vlralcd sbuvc a 
simple mclhod of 'veiling Ihc points af two linci ihId onf-lo-anc 
concipondcncc Tbic sboic IlLuslrBllon "'ill serve ilso lo ^hpw 
how il ]!i fusiklble la scl Ihc pjiulii on a line inio anf-lo-onc 
i:a rif 'kponidcncf with the hnci lhn>iigh t poinl. ThtE. Eai any 
poinl C Dn Ihc line AE Ihcrc m a line SC Ihmugh S. Wc musi 
BSiuine Ihc line AB cvlcndcd LndcfLiiilcly in Imlh d i rcc lions, 
hown'cr, if mc arc Id Iibvc i [XJinl on il for every line Itiiough 
S. ind even wilh lhi£ c\len'iion Itiere is one line Ihrough S. 
BceonHing lo Euclid^ poivliilale, whKh does nol meel ihc line 
AE anul which Ihcrefore has no jxjini on AB Id eo rrcjvpij nd lo 
II. In Older Id ikinoolh oul Ihis discrepancy wc ire iccuiklDnied [^| 
la lasiiine the exislence of an hifi/i/'e/x- dionil poinl on Ihe line 
AE and lo assign Ihis poinl aiv Ihc corresponding poinl of the 
CM'cpllonaL line of S Wllbi Ihis undeislanding, I hen, we may say 
Ihal we havesel Itie linCk Ihrough b poinl and Ihe pjinlson a line 
IniD onc-lo-onc co nciponde nc e. This corres p** idcnce is of such 
fundamcnlBl Impj nance in Ihcsludy of projeclive gcomclry Ihal 
a ajteclal name Is given lo il Calling Ihe lolallly of poinls on a 
line a ^LiiprJ- /I'll', and Ihe lolallly of lines IhiDugh a poinl a pcttL/l 
c^ rays.ve say ihal ihe pjinl-ro"' and Ihe pencil relaled as above 
are In jiir^jfe^f rre ;ii'nJ jtjtt, or Ih a I Ihey ate iier'^rec'rvely /elaied. 



7- A\ia[ pencil; Fundamenlal Forms. A i^lmikr correspondence 
may bi:scl upbclu'L^cii Ihc poinlson a line and Ihe planes Ihiaugh 
anolher line which does nol mcci ihe fiisl Such a sy^lcm or 
plancb ISO ailed an uxrn! pencrl. artd Ihe Ihree assemblages — ihc 
poinl-TDW, ihe pencil of rays, artd Ihe axiaJ pencil — are called 
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fiiiiiSutnenlii} ftrnm The facl Ihil ihcy niB>' all be \cy [nlo one- 
lo-onc cormi po ndcncc wilh cacbi nibicr [■> cxprcvscd by SBjing 
ihal ihcy aic of Ihe SBinc order. \l \s usual ali^o Id i^jieah of Ihcm 
Bs of ihc fiisl Didcc Wc ShiW sec presfnily Ihil there are Diber 
BSiemblBgcs u'hLch cmnol be puL lulu Ihi' sdM of onc-lo-onc 
eo ncspnndcn^ e wilh I be pain Is on i line, and Ibal Ihey wiLI very 
rcbionibly be si id Id bcaf i higher Didcr. 



& Ferapeclive ponlion. Wc bave siid Ihil a pDlnl-iDW and 
B nenciL Df riys arc in pePvpe^.llvc pDsilion if each vty of Ibc 
jiencil gocji Ihrougb I be jm i nl o f I be jio i nl-iDW * hich CDrre'jxind^ 
lo H. TwD pencils Df rays arc also baid lo be in peJ^pc^.^lvc 
jioi^iIIdii \f eo rccspDndi ng rays mccl du a slraighl Line whieb k 
called Ibe a* is of neispecllvily. MjiO. Iwd jioinl-mws arcsakl Id 
be In peispe^ln'c jioiillioii ireorrespDnding pDlnIs lie on Mcaigbl 
hne^ Ihiuugh a [uinl nbicb is called IhcccnIcrDr [visprc livi ly. 
A pjiul-row and an axial pencil arc in perijvclivc pDsilicm \.f 
cacb plane Df I be jiencil gi>e4 Ibroiigh I be poinlDn Ibe jioinl-m* 
which corcespands lo il. and an axial jiencil and a pencil ol ray:^ 
irc in peispeclive poailian if each ray lien in ibc plane which 
cdrcesponds la il; ind, finally, Iwa ixial pencils arc [vispec lively 
related if CDrrcTipo nd i ng planer mcel m iplincL 



V. Projeclive relation- ll is ea.^y lo imagine a more general 
CDnespDndcncebclu'een Ihepoinlsof Iwo pj inl- ro "s I b an Ihc o nc 
I lEl de&c ribed Ifwclahe Iwd peispeclivc pencils, .4 and ^, Iben a 
poinl-mwupcrspcclivelo A will be i n o ne-lo-o ne co rrespj ndencc 
wilb a poinl-row h peispeclivc lo B. bul CDrreipond i ng pDinl'i 
will itDl. in general, lie du lines wbich all pass IhiDugh a poinl. 
Tno Buch paim-niwB aie ^aid » be p'OjecSiveiy 'eiaSed. or 
aimply pmjeclivc lo each olhcr. Similarly. Iwo pencils of rays. 
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or of planfk, jrc proj c^. li vcly rcLilcd lo each i>lhcr [f lhc>' iic 
jiei^pecUvc lo Iwo plZPvpc^. li .'c piml-rows Tbilii idci *iLI be 
gcnrrs Llzril lalcc on ll is imfuclinl Id nolf Ihar brlwcrn the 
cLcmcnIi of livo projccllvc fund imcnl al fnnns Ibicrc iii b onc- 
lu-onc CDJTCijc ndcncc, Bitd aLno Ibial Ihi^ coimi [x> ndcncc i!i in 
gcncrfll tunliiiiiiiis. IhBl is by Is king Iwu cLcmcnbi of one form 
iiuffic Icnily clone lo CHch olbirr Iho W^a co ircvpiind] n^ r Icmrnl^ 
I n ihc o Ihcr form may be made lo b ppraic bi cac h olhcrarbilrinLy [T| 
cLoHC. In Ibic ^.a'vc of pulnl-rows Ihl'i conliniiH>' \.^ 'vubjecl Id 
cjtLccpllan in Ihc ncighba rhood of Itic poinl 'il infinil} " 



10. InflnilylO'ODf correspondence, li mighi be inr^rred ihai 

my infinite anzcmblage cauld be puE iniD one-lo-one eDrcfvpan- 

dcncc ivnh anj olbicr. Such iii nol Ibic a^c. howdcr, if Ibic 
CO iTCipandcnce is lo be canlinuDus, bcluecn Ibc [vinU on a 
Lnc and Ihc [vinls on i plinc Consider (wd Jmes whicti Lie in 
differcnl plane:^, and lake m poinls on one ind n poinU on the 
Dibier. Tbic number of linc^ joining ihc "i poinls of one lo Ihc n 
Itoinfk jof Ihc Dihcr k cLcariy 'lai If wc ^ymlralizc Ihc lolahly 
of polna on a line by Imfinilyl, ihcn a icisonibte cymbal tor 
ihe iDlalily of lines iItiati lo cuI Iwd lines would be linCluily | . 
Clearly, for every [XJinl on one line Ihcre jre linfmllyl line 
culling n.ros' Ibie olher, ^o Ibial Ihc corrcvpctndcncc mighl be 
called |in£iiiily|-lo-one. Tbus Ihc assemblage of lines culling 
Hcro'iS Iwd linCk Is of h ighc r o rder I ban I be BS'icmbla^e ol fuinlii 
on a line, and »' wc bavecBLled I he jxiinl-row an issembligeof 
I be firs I Older. Ihesylem of Lines culling acroiiv Iwo lines ou^bl 
lo be called ol Ibe ikecond older 



11. Infiniludes of diFferfnl ordenf. Now li Is euy lo \c\ up 

I onc-lo-one corres pii ndcnce between Ihe [uinK In b pLine and 
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Ibii'sy^Lcin of Lines culling Bcinss l"'o llnni uhich lie In uliffcrcnC 
pianc^ In ficl, each li nc of Ihc ■vj'slcni of llnni mccls I he pLflnc in 
one [xiinl. and cich [ximt in Ihe plane dcleniiiiie& anc and only 
one line culling bcidss I he Iwo giicn llii«i — namely, Ihe line of 
inlcrscclionof ihc Iwo pi mes dclcnn ined by I he given painl*ilh 
each of Ihc given linc^ Tbic isMMiibLige arpalnis in I he pLanc li 
ihiE of I he & un e DTdcF bs ihalof Ihe I ines cu 111 ng Bcn>'kSl»'o linr^ 
which lie in dlffercnl planeji, andou^bil therefore lo be spoken af 
an of Ihe sfcond order. We expres'k ill iheiic re^ulls as CDIIaivs. 



12. If I he infinilude of jmnliv nn a line a liken as Ihe Infinllude 
□f Ihe fiisl Older Itien Ihe infinilude ol lineiv in a penLiI ol nys 
ind ihe infinilude of pLines m in a\iBl pencil are also of Ihefiisl 
order, while ihe mfinilude of lines culling icross l"o "■vtew" 
linez, 1^ well is Ihe Infinllude of jx^inliv in a plane are of Itie 
second Older 



13- II we join each of Ihe points of i plane lo ■ point nol m 

ihal plane, we sel up i onc-lo-one co rrespLi nd enee belween Ihe 
pninliv In a plane and Ihe lines ihmugh a poinl In zpace Hii'^lhe 
'lifi'i iliide t'j ! ine^ fUnai^ ii poml it' sfi".!: b^ of ihe s€<. imd t'Tiii:r 



14. If lo each line Itirough a pninl in space we make concvpond 
thai plane al righl angles lo il and passing Itirough Ihe same poinl, 

we ivee Ihal \i'e /nfriitm/'^ '^fftii'^'^'l'r'/ii)^ u ii'ir/il if <^'iice isnf 
ihe iecnniS "i dei . 



l6. Planr sy^lcm and [xnul !i>'&lcm 9 

IS, If lo each planr Ihmugbi b juinl In space wc m akc cd ECCkpond 
Ibic line in which il inlcjsccl'v b ^lvch plBnr, wc ivcc Ihal Jfjt 
'Hf'/i/Tttdc nfftne.-i in n I'lniff is'^lhe '^trc'itl orde/. Tficmay al^D 
be Bccn by selling up b one-lD-one corrcsjxiinJence belwcen ihc 
poinl'v on B plane ind ihe lines or IhBl plane Thus, lake b pjinC 
S no I In Ihc pline Iolu Bny pi>lnl flJi>l Ibic plane li> S. Through S 
ilcBW a pFanf il nghl angles lo jV^^ This meels Itir given plane 
In I line m which may be laken as co ircspandi ng lo Ihe poinl 
M Anolhcr very imporlanl mclhod ol selling up i onc-lo-onc p| 
eocccspiindence belwcen lines anil piilnlsin a plane will be given 
I alec, mil many weighl} consequences will be derived Tiom il. 



16, Pbne syalem and poial sya^em. The plane, considered as 

made upol Ihc poinis and lines in il, is called ai'Sufe ijiUtrrr and 
is a lundamenlal fd cm of Ihe seco nd o cder. The piil n I, cansideccd 
as made upofall ihe lines and planer passing lhn>iigh 1 1, is called 
a fioo'l ^yf^feii and is also a Tundamenlal focm of Ihe second 

order. 



17- If now we lake ihree lines in space all lying in differeni 
planer, and selecl I polnls on Ihe lirsi, i" polnls on Ihe second, 
andu p^Jinlson ihe Ihlnil. Ihen ihe lolal nnm her of pi ancs passing 
through one of Ihe selecled pom Is on each line will be Inm 1 1 Is 
reaHO nab le , iherefoce, lo symbolize Ihe lo I a II ly □ T pi anes ihal ace 
delecmlned by Ihe jinrLmljj poinis on each of Ihe Ihree Lines by 
JinCinily I , and lo call 1 1 an inflnilndeonhe /Irr/d ottici. Bui il Is 
easily seen itial every plane in space is included in Ihls lolalily, 
so ihal Ihe loin! Hyi/fpliiftes in space is ait infmilude <^ She Ihird 
t/nier. 
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IS- CunMder now the planer p? rpcndlc uL b c lu Ihac ihtcc lin^'i. 
Every ivcl of Ihrcc planni ^o drawn "'ill dclcrminir b pjinl in 
&picc, iiiil. cojivciscJ>' . ihniugh every poinl In apace ma}' be 
drawn one and only one iicl of three planer al rigbil angles Id Ibir 
I dree given linci ll fnlliiu's. Iherefore, ihal 'he IfluS'Sy iif pi?aHi 
ru ifnce ann infmiliiiit i^ fhe Shird <mSer 



19. Space S^&lfm. Spier or three d i men?i ions, CDnsliLlered i^ 

made upof alJ il£ planci and points, m then i fundamenlaL form 
im nf ttie Jfi jj J oide r. which v^c shilL call a <^ii<.e ^yf^feii. 



2i}- Lines in spacf. if we join the twofold lnfimly of poinfk m 
one plane wuh the twofold lnfinilj of poinl'i in another plane, 
we gel a lota lily of line:^ i>f space which laof the fourth order of 
infinity. TTe^ H/itilrK-- i/fUnes m sf/ace givei. ihen, a }iindiittt€"liiS 
pi/ "1 1^ ihejiiiifh enter. 



21. Correspond f nee belufen points and numbers In itic 
ihcory of aiialylic ^eomclry i onc-lo-onc correipondence 1:^ 
aaaumed 1o cyAst Delwecn point on a line and numbeib. In order 
lo justify ihis assumption a very cMcnded definition of number 
mujit be made ufe of A one-to-one corre^po ndertce \.\ then set 
up belwecn points In the plane and palri ol numbeiTi. and also 
bc[wecn [xnnls in space and sea of ihree numbers A single 
constani will icrvc to define Itic pj^iition of a pjinl on a line, 
Iwo. a [XJinl in the plane, ihree. a pjinl in 'pa^.e, etc In Itic 
same theory a one-lo-one co rresportdenc e issci up between loci 
in ihe plane and e(|ualions in iwo variables, between surfaces m 
space artd e(|ualions in ihree variables, clo. The equaiion of a 



22. Elcmr ril£ al nifinily 1 1 

hnc [n 3 plane lnvolvcv l"'o coitl anliv, cilhcrof which niB>' Iflkc 
Bn infinHc number ufvaiucs Fnim Ihis il fDllow^ Ibial Ihcrc ls an 
Infinity of IIuhi in Ibic plane ivbiich is af Ihc secDnd oide c if ihc 
Inftnily of points an a line is asiiiiiiiird lo be af ihc fij^l. In ihc 
iinic w»y B clr\.Lc is ulclcrnii ncd by Ihrcc cu nd lI ions, b iphcrc by 
four. cic. Wc mighl Ibicn cxpcci Id be able lo 'cl up b unc-lo-unc 
CD ncvpiindcncf brlwccn circl«i in a pkinc and poinliv, oc planr:^ 
In apace, DT between spheres and linen in '^ptce. Such, indeed, 
la iJiecBse, and il is ollen pcvsible lo infer Ibicoreni'v concerning 
spherejv fjom ihearcms coin-cmin^ lincv, and vice \eni il a |LI 
poii'vlbi II lies such a\ Ihe^e ihal, give lo Ihe Iticory orcnc-lo-anc 
ccncvpondence lis greal impcrlincc tar ihc mBlhcmalician II 
musl nol be fnrgnllen however ihal "c arc considcnng only 
cimlf/iiitAii CO rrespLi ndcnccv II is pcrleclly pjsiiiblc Id scI. up a 
onc-lD-Dnc oi rrCk pan dene e belwecn ihe [uinl:^ af a line and ihc 
pcinLv Df a pline, oi, indeed, between ihe poinls of a line and 
'he polnls of i space of any finlle number of dimensions, if Ihc 
ccEECkpondencc is nol rcsUicled lo be conllnuous. 



22, Ekmenlsal iallDily. A fmil wnn) K neces.^ary in order lo 
explain a phrisi: ^'hi^h is in co ns lin I use i n Ihe sludy of proj ec li vc 
geomelry. ^e haveipokenol Ihe "polnl al infinily'on aslriighl 
line — a liclilious poinl only iced la budge cvci Ihe exccpllonal 
case when wc aresellingupaone-lD-onecDJTCspjndencebel*een 
Ihe [uinLk Df a line and Ihc lines Ihroiigh a fuinl. ^e ivpcakor il 
IS "a pninl" and nol as "[vinl'v,' bc^aiiivc in Ihc geomelry ivliidied 
b> Euclid Ae is^ume onl^' one line ihrmigh a polnl parallel lo 
a given line In Ihe same sense ue speak of all Ihc poinis al 
infinily in a plane is lying on a line, "Ihc line a I inflnily," because 
Ihe siralghl line 'n- Ihc simplesi locus we can imagine which his 
only one poinl In common wllh any line in Ihe ptine. Likewise 
wcapeik of ihe "plane il Infinily," bcciuse ihiE seems Ihe mosl 
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convfulfnl ivBy or ImiginLug Ihe poinl'v bI Infinlly In spacf. Tr 
muiil noL be Inferred IhBl IbiCvC conccpl ions he'-t anj essenluL 
connexion wilh jth^'iiicil fBCI'i, or IhBl olher meanH orpiclunng 
lu oufJieLves Ihe infinilelj dLslBnlconfiguriUoii'v arc nc" jcsslblc. 
|IZ| In olher branches nf m alhemi lii:^ , ni>lably In Ihe Iticory or 

lone lions of b compLei vinable, quiledllfercnl issumplLon'v etc 
mule ind qmle dlfferfnl cd nee pliQU'i of ihf elemenls bI inCiml^ 
irc u&ed. .\\i we can know noltimg expizrimenlBlly aboul such 
iKLnls, we Bre al Liberly In niBke any asiuinplions "c pIcB^e, so 
Jong IS ihey ire conslslenl and serve soine usffii] pucposf. 



PROBLEMS 



] 5iiicr llieie \i ■ IbrreFald irfinil^ of polaU la ^pice, Ibne 
muil be isiiCdIiI inriail/aFpiirbdCpairl^ in E[ia(r.Eii:1i piicaF 
[iDinl^ deleim ines i linr. W k/. Ibrn, k lb err acl i ^iiCdLiI infiail^ 
dC ImfE in &picr7 

2 Ifllirre ie i JDiirfold inlinil^ oFlineE m Epii:e,*k/ ie lI lltil 
ikerr le nal i FajcCaLd infiail/ of plinfi l1iJDii|h i pDinl, &erin| 
Ihileich lire m bpacr delrrmirei i plinr Ihiougk Ibil {lainl'' 

J SbD» Ibil IberE ie i iDiirlDid iillnily dI i:iri:lc& ii &pii:e ibil 
piBi llijaiL|k 1 filed pDiDl [Scl up ■ d d e-li> -d d e c d rres]^(i n d r n i: e 
briwrrn ikr iife dF ike circles mil linrE m Epi(f.> 

4 find Ibe cudrraf idIihiI^ oi iJI Ihe line^ ol hpj(f Ihil cul 
ifni&& I ^I'TCD line, ifrD&s I»d gl'rcD Jidcs, a(i(is\ ikrre |Lven 
Iiilce; JcrDE^ Fcur|rven llnc& 

5 Find llir oidrc of inflnily oF all ikr EpbeieE ir Epicr ibii 
piEE lki(iu|k i |i^en pairl IliTDUfh In d givrn poinlE. Ihi(iu|k 
ikjer guen pDinlE,lkrcugli fanrgiTD pom lb 

b.Fliid lkrcrdrri>CiDllnilyi>lilllbri:irGle&Dn i Epbrie.DlilJ 
■lie clifles DD I EpberE ikil piEE Ibroufk ■ Fiied poinl, lhjcu|k 



PROBLEMS 13 

Iwo fixol piiiil'v, Ihmugh Ihrcc fixcul polnDi. of il^ ihc circlc-i in 
spicf , afall Ihc circles Ibiil cul Bcro'vS a given \\ne |L1J 

7. Find ihc oidf r of inflnily of all Llii«i liugcnl lo a ivphfrc; 
of all planfi langrul Id aspbifrc, of Iiucti and planr^ langcnl lo a 
ivphcrc ind paiiMng through a liicd piiinl. 

8 Scl up i onc-lD-anc co cccvpondiz n^ r br Iwff n ihc !icn?& or 
numbcjs I, 2,3.4. ... ind ihc scncs of even numbcrv 2 4.6. £ 
Aic wc jkcllficd in baying Ihil Ihcte etr )usl fi many even 
nLimbcPv »' I here arc numbcPv illogclhcr'' 

^ K Ihc ixiom "The i^hclc l^k grcalcr ihan one af la parb' 
applicable lo inflnilc aiibcmb I ages ^ 

ICi. MikcDul aclavviflol Imlor all Ihe i nfiui ludcs of Ihe fiisr, 
second, ihiid, and fourlh order?! men Honed in Ihischaplci 



|U| 



CHAPTER II - RELATIONS 
BETWEEN FUNDAMENTAL 
FORMS IN ONE-TO-ONE 
CORRESPONDENCE WITH 
EACH OTHER 



23. SevfD Fundamenlal fornix. In ihr pra:nling chipifT wf 
hivf called allfulLDn lo 'kfvcn fund imrnl al funny Ihe poinl-JDW, 
ihc pencil or nys. Ihe a\lBl pencil, ihc plane ikyslcm, Itic jninl 
■vyslcm, Ihc ivpicc s>''lcm a ml I lie ^yslcm of ll ncs i n ivpn-c Th&c 
fundamenlal forms irc Itic milcnal which wc inlcnd Id w^ in 
building up a general Itieoi^' ivhich will be tDund la include 
ordiniry geomelr^ f^ t 'vpeciai ca&e. Wc shih be concerned, 
nnl u'Llh meaivure mcul of angles and areas ur line se^menls i^ 
in ihe ^ludy dI Euclid, bul in cdmbiniug and com pan ng ihcsc 
fund amenL il forms ind In "generating' new lonn^ by mein'i 
of Ihem. In pKtblems of con&lruclion we shall make no use 
ol mcisuremcnl, cilhcr of anglci or of segmenliv, »nd eiccpl in 
cerlam ^jvcial applicBllons of Ihe general theory we i^hall no I lind 
il necessary lo require mo re □ f ounkcl les Ihan Ihe ablhly lo dnw 
ihc line J Dining Iwo pol na . oi la fi nd ihe [vinlof InlcPkecllon^af 
I wo hnei, or ihe lineaf [nleiseclion of Iwo planes, or, in general, 
Ihe common elemenls a riwD fundamenlil farms. 



25 Dc^ B rgucv'iv Ihco rem 15 

24- Frojecliie properties. Our chief inlcm,l in ihis ^.bl»plc^ 
will be Ihc dl'coi'crj of relalions between Ihe e lemenlii t>\ one 
roim which biald bflweeu ihe cd rres[u ndl ng elfmenK or 3n> [li\ 
DihcT form In one-lD-one corre^ po ndence ivnh il We hBvc 
already called arienlion Id Ihe danger i>r Bssuming Ibial u'halevcr 
reLBllon'v hold belwcen Ihe eLemcnDi of one BSicmblBgc musl 
bIiiO hold belwcenlhecorrcvpondingelcineiiliof Boy B^icmblBgc 
In one-ro-Due co creeps ndc ncc wirh lI. Thl^ fal^c LVvumpI ion 
In ihe basis of ihe ^o-^.allcd "ptnof bj analogy" so much in 
vogue among i^jiccul all ve Iheoniils When il appearii Ihal certain 
Telallou'k ciiMlug belwccn Ihc pcinls of t givrn poinL-iDW do 
uol ueccii'vll ale the sijuf rclaliorc belu'eeu Ihe coires pii nd ing 
eLcrncnIs of anolhcr m one-lo-one corres [x> ndertce wilh II, we 
should view wilh suspicion any appLicilion of ihe "proof by 
analogy" m reil ms of I ho ughl where ace u rale judgmcnls arc no I 
so eaiiiLy made. For eximpic, if in ■ given pjiul-roii' it Ihree 
jxiinK, A, B. and C are laken i^uch ihal E is ihe middle pninl of 
Ihe scgmenl AC. il doei nol follow Ihal ihe Ihree jcinl'. A'. B'. 
C In I [vml-row pcE&pa:lLvc la u will be so relaled Relalloni 
belwecn ihe element of any form which do go over unallered 
"o Ihc con&pondingelemenlsof a form projcc lively relilcd lo il 
are c ailed /jrL^tc'/jvt 'eSalttms. R cl al lo ns i nvo Ivj ng m c an iiiemcnl 
of lines Di of angles arr not piDjeclivc 



25- Deaai^ues'f Iheorfm. Wc ci>ii'vlder first ihc following 

beaiiliful Ihcorem, due lo Dcsirgues and called by his name 

tj Iwi? S' ian^es. A, B. C nud A'. B\ C. are io sllitufeil Shm Ihe 
UnesAA', BE', aird CC n!l inei:! 'nupoinl, Ihen rhef/ar/^'-^suie^ 
AE and AE'. ECiind B'C\ CA aid C'A' all 'tieel an a slra'ght 
line, and native' set y. |J6| 
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FE. 3 



Lcl ific Lines .4A', BE', and CC mcci in ihc [xjlhI M (Fig. 3). 
Conceive iif ihc figure as in space, so Ihal M t\ Ihc verier of a 
iFThenlral angle of uhich Ibir givfn IriangLes are plmc sfclloiii. 
Thf lincv Afi and A'E' are In Ihc same pLine and muiil meet when 
produced, iheir pnlnl of lnlcrvccllon being cLearl>' i polnl in Ibic 
plane of each triangle and Ibierelocc in Ihe line or i nieniecl lan 
or ihesc Iwa plinea CalJ itir'^ [xiinl P By '^rmilar rcisoning Ibic 
[iDint Q arinLerieolion of Ihc lines BC and B'C must lie on Ihl^ 
■vimc Line as i^elL aiv Ihe pninL K of inlemeclion of CA and CA'. 
Therefore ihc poinls F. Q. ind R all lie on Ihe same line fff. If 
now nc conikider Ihe figure a plinc figure, ihc [uiuls P. Q. and 
/f i^lill all Lie an a slnighl line, which ptoves ihc Iheorein The 
eonveine iii eslibliivhed in Ihe same minncr. 
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26. Fundamenlal Iheorem concfmine Itvo comptele quad- 
rangles. TbiLiv Lhforcm Ihm"'' luIu our hdiuls Lbii: folkiiving 
rundBmcnIiJ Ihnticm cancermng Iivd [:DJiiplclc qusdcauglfs, a 
camffr^le iftiailraf'sfe being dcQncd 3.\ ihc figure oblalned by 
laming any fourgLVf n [winls by ^Iralghl linnv in ibic ^\i. fu&^lbJc 

Given S>v<f ccnifiete iri'tnt/it/i^/i:'^, K, L, M, N nid K. L\ M'. 
N-. -^ 'eltHeU li'iii Ki- K'L'. MN. M'N- >ill meel in >i j-oml A. LM. 
L'M\ NK. N'K' nil "leel in a pobn Q, tiiii LN, L'N' "leel in it 
pifiiil B fin iht Uni: AC: Ihen Ike lines KM aniS K'M' al^o meel in 
a point D an Ihe One AC. 



[I'l 




FiC.4 



For, bylhc convene of ihe List Ihrorem, KK'. LL'. iinl JViV'il 
mcel In a jioinl S (Pig. 4] A.l'ya LL' WW and iViV' mcel in : 
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J" ml, End Ibicrcfurc In Ibicsamc pjLnl S ThusKK' LL'. ind MM' 
meel in a [uinl. and 'lo, by Df^argusi^ Iheorcm il^f If, ^, B, and 
D lie on ■ Klcalghl line. 



27-ImporlanceDrihf Iheorem.Thr impsnincf □fibii'i ibiforcm 
]if' in Ihc fi^l Ihil, .4,^, and C being fiven an I ndcfl n i Ic nuin bf r 
□f quadcanglbv A", L'. M'. N' my be foiind such Ihal K'L' and 
M'f^' mcci ln.4, KWirnJ i'lW'in C.wjlh L W piivsing Ihrougbi E. 
Indrcil, Ihc \M\ai AK' and AM' may bcdriwn arbllranLy Itiraugh 
^, and any I mc I h ro iigbi B m»y be usfd Id dclcnni nc f and ^ ' By 
joining ihcsc l"'o jxiinlslo Clhc polnDi A"' and A/'arcdclcrmincd. 
|IB| Tticn Itic linr joining K' and M\ foiind In ItiK ivay, a\ti^i pasz 

ihniiigh Itif poinl D already de Ifrmined by Itie quadrangle K. L. 
M. N. The ihree f'inl^ A. B. C. gheif bi ivder. seive Ittis fii 
detenffbte tifi^trlh poinl D 



2S- In a cumplrlc quadrangle I he line joining any Iwd [xiiii1& is 
i:alJcd ihe ofpi?!i'fe side lo Ihc line joining Ihc other Iwo [XJinliv. 
The lesull of the preceding paragraph may then be slale^T ts 
folfows: 

Given Ihree [uinU, A. B. C. in a 'klraighl line, if a pair or 
oppo^ile &ide£ or i complele quadrangle pasiv ihruu^ti A. and 
anolhec pair IhiDugh C. and nneonhe remaining Iwo ^idesgoe^ 
Ibruugh E. Ihcn Ibc nibcr nf Ibc remaining livu sidcv ivill go 
Ibcough a fixed poinl which doeik nol depend on Ihe quadrangle 
employed. 



29- Four bamionic poinls. Four points, A. E. C. D. retaled a& 

in Ihc preceding Ibcorem are ctWrAftnir ha nmmic poinls. The 



79 Pour liBmiDnic jxiinl'v 
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jxjiin D !■£ called Ibic fixtrlh hiii'iii?ii'<. t'j E wr'h r<:-^«itl I" A 
aid C Since E and D pla^ exactly Ihc i^smc rule in ihr sbuvc 
i:a us InicliDn, B ii nIsi? Ike j'liifh hu'iits'''. i?J D wilh re.<^e€t ta 
A uiiiS C E »nd D »rc cillcd hii"iitit''€ ctiyiigale^ n''"' le'^'ecf 
I'j A iHiil C. Wc pjocccd Id ivhaw lhBl.4 and C arc aKn harmnmc 
CO nj ug B Ici wllbi ^cipc^.^ lo B and D — Ihal is, Ihil lI ls possible Id 
find aqujiHrBnglcorwhich Iwd DpTnivllr sidc^ stial I pavv Itiiough 
B. Iwo IhiDugh D and oflhc rcmi i nlug pair. Dnc IhiDugh A and 
IIlf Dihcr th CO ugh C. 




FE. 5 



Lcl f? be ihc inlcjscclionof KM ind LjV (Fig. 5J. JdIh O Id A 
ind ^. The join I ng line^ cul duI on Ihe i^ides of Ihc quadcmglc 
four [uinl:^, F. Q. R. S. Conivlder Ihe quadringlc P. K. Q. 0. 
One pair Df DpjCil le SLdei pi'ivCv Ihrough .4, one ihrougbi C. and 
Dnc remBiniiig ivlde Iticough D. Iticrefocc Ihe d Iticr ccm al n i ng 'iidc 
misl pivv IhiDugh B. Similarly, RS paiises Ihiough B and PS and 



\m 
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QR pa^ itirough D The quadrangle F.Q.R. 5lhcrcfore biaiv Iwo 
opnoiilc sides Ihrnugh B. Iwi> Ihnnugbi D. and I he rem lining pair 
ihniLigh A and C. A and C aif lliuik karmonic conjugilcv uilh 
re!i[wc1 Id B and £> We nia>' sum up ihe discuHSLOn, ihcrcforc, ts 
fnlLows: 



30- [fA and C arc hannonic ^.unjllgales *ilbi rcsrecl lo B and D. 
Ihcn B and £^ ire biamiunii: conjugaleii ^ilh resjvcl lu A and C. 



31- Imporlance of iKe nolion. The impnnance of the narionof 

IDiu himiunli: poinls lifv in ihc fad ihil i[ ^s t iflation which Ie 
earned pier from four [tiLnIs lh a jx>inr-mw ii lo Che four pcinis 
thai corrcsjioiid lu Ihem in anj jxiinl-ro'^ jj' pcrHpccllvc lo rt 

To ptDvc Ihii ■vlalemcnl wcconslrucl a quadrangle K. L.hf.N 
such ibialKt and M^ pa'vs lbin>ugh A KjV and LM Ihrough C LN 
ihrough B. and A'jVf ihniu^bi D. Tike noit anj poLnl 5 nol in Ibic 
plane ol Ihe q u adranglc andconslrucl I he plmes delcnn Lnenl by 5 
ind ill ihesfven llneii oflhe figure Cul aciovv Ihin selorplane:^ 
by anolhec pLine nal passing Ihrough S Thi^ plant cul£ out on 
im Ihf nel i>r ^evm plancv anulhec quadrangle u'hioh delfrmine:^ 

four new harmonic [XJinl^, .4', B\ C. D'.on Ihc lines joining S li> 
j4, E. C. D. BuI S may be lakeu ts iii>' poinl, 'vlucr ihc original 
quadrmglc may be laken in any pLine lhn>ugh A, E. C. D. and, 
furlhcr, Ihe pulnb, A', E'. C. D' are Ihe mleiscc lion «( SA. SB. 
SC.SD bj any line. We have, I hen, Ihe remarkable IhcoTem 



3^ If iin\ jyiimS is joined io foai haf/onk: poiitis. nniS Ihe 
foil' So'es Ihiis iiSflii'iied are cal by airyfrjllr. fhe f<«r ifiinSs nf 

'lifersecfiim n'eagito' !ninf"/nic. 
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33- Pour harmonic lines. We hic now iblr lo rxirnil ihf ududii 
dI biarnionLC I'lcnicnls lo pcnciliv ol raj's, and indeed In axial 
pcnclJfi. For If vie i.\crinc fixtr hwiit^tiic rays aa foiu rays which 
]kB!iS IhiDugh a iQinl and whkbi pss^ one ihrougti each of lour 
harmDnic jioinis, wc hue Ihc Ihcorcm 

Fair hii'iiifiic lines are ciif by niy transversal in f oar ha r- 
firott 'c fr/iinSs. 



34. Four harmonic plan«. We also define fixii huimtmk 
/'/ujiL' ^' as lo u c pianos Ihroufbi a line whKh paivsone lhn>ugh each 
of four hannonic poinls, and we may show Ibial 

Four hannnnic ;<iiiiies are cut by any piane noS pa<^in)- 
Ih'im^h 'be// f'tniiim line in faiir biirrnonic lines, nnd nSsa by 
anyime pijimi hiiiiiii'/ik fi'/n!'^ 

For Lei I he plane'v a.^-/-^- ^hioh ill pass [hrough the llncg, 
pas^ alivD Ihiough Ihe four hannonic painis A. B. C. D.so Ihal « 
pas'ie-k through A, cIOl Then il Is cicii thai in>' plane n lbin>ugh 
A. E. C D will oul oul four harmonic lines from Ihe four planer, 
for Ihey are Lines IhiDugh Ihe inlcricclion F of g wilh Ihc plane III 
n, and Ehey pass through ihf given harmonic points A. B. C. D. 
Any Diher plane ocuJs g tn a point ^ and cuK a. ^, y. S in four 
lineslhBlmcelKinfnurpjinlsA^B'. fr',D'lylngonfA.PB, fC, 
and FD rcsptclivcly, artd are thus four hirmcnli: hues Furlbicr, 
any ray cuts a. p. y, £ in four tiirmonii: poinl'v, sirtce any plane 
Itirough ihe ray give, four harmonic lines of in Iciscc lion 



35- These resuLli may bepul logellier a^ follows 

Gii^e/i any 'iiy' a'^setnl'Sape:! "fii'ibrSs. rays, t'r flune'^, j<er- 
speclhely /elaleii ftieacli irllier. f'xir Imr/fi/nrc eiemeiil<^ of 'me 
fnast corre'^i'/nd lo^oii/ ele/"e/ils oj Sbe iillie/ wli/df arel/i.eivls€ 
bnmKxiic. 
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If, now. l»o fonns jtc pcra reel h c I y rclBlcd lo i IhinH, any 
Fd u c hi rmonlc cLcmcnIiof one m [l^ H.o rrc'vpi>iiiJ lo fo ur h armon ic 
ckmrnla In ihcolhcr. We lake I his Hsour del i nil lan o T pcoj ec li vc 
CO rrcvpondene c, and say: 



J6- DefinilioDof projeclivit}'. Twojii-^duinei'l/'lft'nr'sa'epro 
itiLiivi^ly icIitSc-J l"i.\/t.h ■'lli'-i i\-h<i'iiiiittr:-li'-iin<:ciir'i:siii<'iiSi^'t-€ 
exisis belween ihe elemeils i?} Ihe 'wi'unii whtfiftKirhwiiifi'. 
elen/etts i^ one canesptind to Joai hannatic eiemenls i^ Ihe 
fAher 
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37- Correspondence belwfen bamionu' conji^^les. Givfn 
four hirmonk poinli, A. if. CD. \f v^c fix A and C. Ihcn E and 
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D \ar, liigclbicr m a *By ihal should hr Iharaughly uiuHciMihnI. 
To gel aclcir cunccpLlon of Ibicir fcIbIIic moUon wc may fix Ibic 
poinls L and jWof Ibic quadrmglc K, £, W, ^V |FI^ 6] Then, as B 
d«icribni Ibic jio i hI-jdw A C Ihc poinl ^Vdnicrib«i Ihc jx>iiH-jdw [33| 
AM pcnpe^-livc lu il Projcclmg W again Fnim C, *cgcl a jxmil- 
row A' an AL pcnpeclwr lii Ibic [XJinl-ro"' ^ and Ihui p[OJC^.^lvc 
lo ihc polnl-iDW B PtdjccI Ihc poinl-mw K from ^f and wc gel 
H pain I- row D on AC agiin, whlcti Lv pjDjeolLve Id I he jioinl-JDW 
B For every [dIhI B wc have Ihuiv one and only one poinl D. 
and canvcrsely. In olher ^•oiii'^. wc hive iel up a onc-lo-onc 
conCkpondencc helwecn Ihe poinl'v of a ivliigle [uinl-row, whioh 
la ij&o t piDJecli vc CD rres fxf ndcnce bee ause fo u c h h ciudhic pDinl^ 
B correspond lo four hinnonlc poinls D We m»y nole ilso Ihal 
I he corres [x> ndence is here characlcri zed by a feal u re w h ich doc^ 
nol alwiyi apjicar m piDJecrivc correspj nd cin-Cvi namely, ihc 
sime pro^CkS Ihal carries one riDin E lo D will ctny one bick 
from D lo B again Thiz special projierly will receive furlhcr 
sludy in ihe ch aplei o n I nvol uliou. 



38. ll IS Ecen ihil Hy E approaches A. D alivD approaches A r\i 
B moves from A lowaid C. D movcF^ fnim A m ihe oppoiillc 
dirccllon paiivlng IhiDugh Ihe poinl al mfinily on Ihe Imc AC. 
a nd relum'v o n ihe olher side lo mcel B al C again In dI her words, 
as B IravciHcs AC. D Inverses Ihe resi of Ihe line from A Id C 
through infLuily. In ill posillons of S, except al^ or C, B and D 
ircscparaled fiDm each olher by A and C. \lSi 



39, Harmonic coQJugale of the poinl al inHDJly. li is 

nalural li> mqiiirc whal pcvlliDn of B corres [xi nds lo ihe infimlely 
distant pDsllLou of D. We have pn»ed {^ ^^) ""' ^^ paHicular 
quadrangle K. L.M. ^V employed is of no consequence We ivhalk 
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ihfrcforf a^iil ouniflvfiv of one ihal lends ilsrif moM readily to 
Ihc soLuUon of ihc problem, ^e choo've Ibic pi>lnl L io Ihal Ibic 
Injn^lc ALC is i^obceLes (Fig. 7] Since D is 'lUpposcd lo be 
il inrimly, Ibic line KM is piraLlel OtAC. Therefore Jhe IriBngLc 
KAC ind MAC etc equal, and Ibic Inangic AF^C a bIso I'vO'iceLci. 
Tbic IriBn^Lcs Cf^L artd AF'JL tic Iherclore equal, artJ Ibie line LB 
biaecls I he angle ALC En Ihercfore Ihe middle [uinl of AC. artd 
we have Ibie iheai^m 

The hii'-mtm ic ci/n/a^n te iffihe 'fidiHe pi?inl i?} AC L<^al infinHy 




FK. 7 
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40r Projeclive Ibeorem^ and melricat Iheorems. Linear 
conslruclion. This Ihc^in:]!! is Ihe LuimcLlinf link bclivci!!! Ibii: 
gcncriL prolccllvc ihcomnji which wc hBvc been CDitidcnng 'a 
Tar and Ihc mr Ideal ihcorcms of onHinir^' goimclry. Up to Ihn 

^inl AC have said nulhing about mcaivurfmculs. cilhe r of hue 
■vcgrmznls ir ol angles Dcsai^uci's Ihcorcm and Ihc Ihcory of 
hacniDuic cLemeuls uhich ilcprud'k on il have nothing H> do uilh 
m agu] lude^ al iJL. NdI until Ihc nolian of in Infinilcly dlslanl 
jxtinl isbn>ughl in is any mculiDU m idc of dis lances ar id i rei: lions 
We have been able lo make all oT our CDnslmclloni up Id Ihl^ 
poinl by means or The 'kirarghledgc. or ungrid u alcd ruler A 
ea US InicliDi] [ninle u i Ih such an Inivl ru m en I u e ivhi 1 1 c a Ll i !/ni:t/r |:J| 
conslniclLDn. Jl requires merely Ihal we be able lo dra* Ihe line 
gaming Iwa poInQ oc find Ihe point of inlei&a: Han aflwo lines. 



41- Parallehand niid-poials- li mighi be ihoughi ihai drawing 
H line Ihcouj^h a given piiinl parallel lo a given line <va\ only 

I special case of drawing a line joining l^o pjinls Indeed, 

II consUls only m drawing h line Ihiough ihe given poinl and 
through ihe "mfinilcLy diiilanl [:Dinl" on Ihe given line II musl 
be remembered, however, ihal Ihe expression "infinileLy dlslanl 
jxjini" musl nol be laken Lllerally When we i^ey Ihil Iwo parallel 
lineb mecl "al Infinlly," we really' mean Ihal Ihey do nol meel 
Hi all and Ihe only reason for using ihe eipcession i!i lo avoid 
ledious slalemenlof cxeeplions and res Irie lions lo our Iheorems 
Weoughl Iherefore lo consider Ihe drawing ol a line parallel lo a 
given line as adilferenl accomplishmenl from Ihe drawing of I (kc 
line joining Iwo given pjinls. 1 1 is a remarkable consequence of 
Ihe lasl Iheorem Ihal a parallel lo a given line and Ihe mid-poinl 
of a given segmeni are equivaleni dali For ihe eo ns Irucl ion 
la reversible, ind if we ire given ihe middle polnl of a given 
Aegm enl, we c H n CO n&lnicl y riit(r//jl a line parallel lo ihal&egmenl. 
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Thus. g]\rn Ihil B Is the middle pain I of AC ivf miy driw any 
two Li neiv Ihro ug h A , and any line lhn>iigh f i: nil i ng I biirm m fuinl'i 
^■Jid L.!o\nN and L\o C and gel Ihc fuinl'v K and M on \hc Iwd 
lineE thiough A. Tbicn KM is parilLcl Id AC Tlie bi'^cfriii of it 
^'ven segtntf'l and ihe tinrw/in i^u One imiuSleS \iilhe ^e^iieiif 
|25| are eqaivuSenf fiain when Unenr cimsl/aclro'i L<^iifed 



42. Il E noldlfficull iDglic a li nfi r 1:0 nMnic lion for I he problem 
lo divide B givfn segment cnlorr DquaL pans, given onty a parallel 
lo Ihc ■vcgmcnl This is ivlmple enough ivbicn /j K a power of 2. 
For any olher n u m be r. 'vuch »' 2 V, divide any segmenlon Ibic line 
pBrallcl lo AC inlo 32 equBl parliv, by b rcr^lilion of Ihc process 
|iEl drscnbed. Take ?" of ihe&e, ind join Ihe fiml Id A ind the 
la^l lo C Lei I hcsr jo ml ng lines meel in ^. loin ^ lo ill Itic niticr 
jioinl'i. Olhcr problems, of a 'vim il ar ivorl arc given »l ihe end of 
I tic chapter. 



43. Numerical relalions. Since Ihrec polnls. given in order 
■IF ^ufflcienl lo dclenninc a fourlh, 3.\ eipliined above, il ougtil 
Id be [XJS'iblc lo reproduce Ibie proccsi numencally in vic* 
of Ihe Dne-lo-one eo rrespj nd cnce which exlsl^k belween poinlii 
on a line ind numbeis, a co rce'vpondenc c ivhioh, lo be £iiic, 
wc hive HDI c&lablished here, bnl which Is dLiCus'^ed in any 
IrciliivC on Ihe iheory of [winl seliv. Wc proceed lo discover 
whil relBllon bclivecn four numbers correspo nds lo Ihe harmonic 
rclilion belween four pom Is. 



44 AJgcbriic formuh coimccl i ng four h i rmaiiic pain Is 
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44, Lcl A. B. C. D be four hannonic edIhIs (FLg. S]. ind Id SA. 
SB. SC.SD hr four bianno ulc lincv. Asiuinc a Line drawn lbin>ugh 
Spirallfl lo SD. mccling i4 in A 'and SCin C. Then A', B', C. 
ind Ihc lufinilcly dislinl poinlDn A'C irc four hannonic fuinls, 
and therefore E is Ibic middle pain I of I he srginenl A'C. Then, 
5ln^.c I he In angle DAS K simiLflr Hi Ihe IriBO^Le BAA', wc may 
wnic Ihc pjDjorlion 

AB AD = BA-.-SD. 
AlTio.fram ihefiimihr In angles DSC and ECC. wc have 

CD CB = SD E'C 
Froin ihebc Ino pn>[QrllDiii we have, remerribering Ihtt EA' = 
BC\ 



IttI 



AB CD _ _ 
AD - CB ~ 

■he mm Id ^ign being given Id ihe thIId an iccDimlDf ihe ficF 
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ihal A tnd C ai? always 'v^pscalcd Fnim B and D. so iFial onr or 
ItirccoC IhcscgmcnDi AB, CD. AD. CE musl be ncgalivc. 



45. Wriling I he \bs1 D^uarioii m ihc IDnii 

CB AB = -CD AD. 
and UF^rng ihc fundi m eul al rclBllDU 1:0 nnf i: Hug I krrc poi nl^ on 
B line, 

FRtRQ = PQ. 
which holdiv for all pq&iIldh'^ of ihc ihrcf [xilnla if accounl he 
laken of ihc ^ign of Itif ncgmcnLv, ihc li&l pjDjKinlDU may be 
wrilLcn 

(CB-BA't AB = -tCA-DA} AD. 
or 

<AB-AC}:AE =(AC-ADi AD. 

sa Ihil .4^, AC. and AD irc Ihrcc quanlillcs in hamouic 

progrcjvs 10 n, ^ince Ibic difference bclwcen Ibic fiisl and second 1:^ 

la the f list as ihc d I ffercncc bclwee n Ihc^econd and Itiird kslo Ihc 

third. AIh>, fiDui lhi& last piDfurllDU comes Ibie familiHr relation 

1 1 I 



AC AB AD 

which \s CDnvcnienl lor ihe compulalian of the diElancc AD 

Zn\ when AB and AC arc given numencally. 



46. Inharmonic ralio. The ^orrc^p^uding rclallon^ belween 
Ihc Irigoiiomclric funclions ol Ihc inglcv delermincd by IDur 
hacmouic Hues ire no I di ffic u 1 1 lo obtain, bul as wc shall no I need 
I hem in building up I he I hcDFj of projcclivegconiclrj, wc aiLI no I 
diacu^iK ihem here Sludcnr'k who have a ^lighl acquainlance wiEh 
I ngDUDmel [}' may read in a lalercbapler (\ l6lt a devclopmeni 



PROBLEMS W 

of ihc [h?or>' of b mote general rclBllDU. callfil ihc iiiihu'iiitmti: 
ratio, ovcrtfjis 'ulu', whic h co n ncclb any four jx>] nlik on i line 



PROBLEMS 

1. Draw rhj(iu|li i glvra polaL i Jidc vliirb ^biJF pis& llircu|li 
■lie iiicresEEblr pDlnl cl iilenccUDD dI I^d givei lilies Th? 
rDllDwingcDrElrii^Llon mij be made la 6(pcp6 upDnDesirEUf.'h 
Ihearrm Tbroujjh ikr given pair I F draw in^' Iwo rays culling 
ihr Iwa lincL in ihc iQinCk AE' ind A'B. A. B. lying an one or 
ihf givru linrii and A', fi\ on Ibic olbirr. Join AA' and BB'. and 
find I heir pjinl of inlcmcclion S Through J draw any olhcr ray, 
culling ihc given Imni in CC. Jain EC and E'C. and oblain 
Iticir jx>inl af inlcr^iecliDn ^ FQ i\i Ihe denied line. Jui^liTy Ihl:^ 
cu nMnic lEDn. 

^ Td draw ihrough a given j"inl P a line which Tihall mcci 
Iwo given linci In fuinlsA and E. equally diivlanl Tiam f . Ju&ury 
the To Honing canslrucllon Join F lo ihc fuinl ^oT i nlcmccl ion 
of the livo given Imca Con&lrucI Ihe fouclh hainionK af^^ wilh 
rmpecl lo ihc Iwo given Lines Draw Ihrough F a line parallel Id 
ItiUk line. This is Ihe required line. 

3. Given a pacallelogcam In Ihe same plane u'llh a given 
aegmeni AC, locDnslrucI linearly Ihe middle polnlof AC [Sl| 

4. Given four hirmanK lines, i>f ivhich one pair are al nghl 
angles li> each olher shon Ihal Iheolher pair make equal angles 
wilh Ihem Thii K a Ihcorem nf which frequcnl uic wllL be made. 

5. Given ihc middle [xiinl of a line segmeni. Id draw a line 
parallel lo ihe segmeni and pai^iving Ihrough a given poinl 

6. A line IS drawn culling ihe ivides of a Iriangle ABC in 
ihc polna A'. E'. C Ihe [winl A' Lying on Ihe iide EC. cic. 
The harmonic conjugale of A' wllh rcipcci In E and C iiv Ihcn 
conslnicled and called A" Similarly, B" and C arc co nil Irucled. 
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Show Ibial A'"B"C'' lie on b srraighl Line. FiniJ olhcrscfv of Ihrcc 
jcinl'kan b line inlhf figute. Find iJno 'vtlsal Ihref Lineiv Ibirough 
I painl. 



[?ll 



CHAPTER III - COMBINATION 
OF TWO PROJECTIVELY 
RELATED FUNDAMENTAL 
FORMS 



47. Superposed fundamenlal Forms. Stlf-coire^ondini! 
elemenlS- Wc hawi seen m i7j Ihil I^a projccUvc pjim-run'i 
may be supcrjxi'vCiJ upxjn Ihc ^amc Mrii^bil line This happens, 
forciamplc, "'hen Iwo jienclls ivbilcbi ere prujcclivc Id cic bi ol bicr 
ate cul acrosiv b>' i Mnigbil Hue ll iiv bKo jnssiblf for Iwo 
projccllvc r^nciL'v Id biavc ihc same ccnlcr. Thi^ hflppcniv, fDr 
example when livo projccllic pjLnl-ru"'s are pnijcLlciLl lo Ihc 
iirnc jxjini Similarly. Iwo pmjeclivc bxibI pc^^.ll^ miy have Ibic 
&imf axis. We miinine itDW Ihe pDssibiJily of Iwo rornis relilfd 
in ihis way, hivmg an elcmcnl df eLemcnDi Ihal corrcipnnd Id 
IbicmieLvci We biave^ecn, indeed, ihal if B and D are harmonic 
conjugBlc^ WLlh rcspccl Id A and C, Ihcn Ibic painl-raw dccnbcd 
by E IE projeeEive lo ihc palnl-mw debcnbed by D. and Itial A 
and C are sclf-CDrresj" nd i ng p**!""- Consider mDre generilLy 
Ibic case of Iwd pcncil'v pcispecllic lo each olbicr wUh tmy Df 
peril peel n 1 ly jj ' (Fig. 9J. Cm BcrjivSlbicm by i line jj. We gel Ihui 
Ino projeclLve poinl-iDws ■vuperposed on ihe same line u. and a 
mo menl'iv reflec Ho n serveiv Id ^how I h al I bie po i nl ^ of i nleraecl LDn 
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FK. 9 



i]|>l 



n Bitd n ' CO rrcspj nds lo ilivclC In Ibic ["'o polnl-row^ AKo, Ibic 
]x»inL iW. where u inlcrsi^.l'v I bit' line joining Ibic ccnlcis of Ibic 
lAO pencth, U E?cn la corrcvEond lo ilsclf ll i& llius [v&^lblc 
forl"'o pnnjcclivc poln I- ro ivs . 'vujierroscd upon IhcsHmc line. Id 
have Iwo 'cLf-co rrcspj ml lug pDinl'i. CicBrly W Bnd ^ may Till 
lagclhcr ir Ihc line Joining Ihc crnlcis of Ihc [xmiciIs happenik lo 
pi&& ihiDugti Ihc [kLilnl o r inlcrici: lion of Ihe linrb n and Ji'. 
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48- Vi/c nii>' aliD give an 1 1 f itlrB do n of a c»sc *hcrc Iwd 
superroscd pipjcclivc [x>[iH-ro*'v hBvc no iicl f-coni^ [>■ nul ing 
pDiiLb il all Thuik wf may lakr Iwo Jinra revolving abnul a 
t\xcd point ^ and always miking ihc '^aine snglr b wilh each 
Dibicr fFig. L0|. Thc>' will oul iiul on my line ii in Ibic plsnc 
li*o jioinl-rows which irccaiviiyccn lii be projcclLvc For given 
my four lays SF which tic harmonic, Ihr IDur cdjt«i [v nd ing 
rays ^/^'mml bIso be h anno nic, since lhf>' make ihe&Bme Bnglc^ 
wilbi eicbi olbicr Four biirmonic jxiinliv F correijiond. Ibiereforc, 
la four hBrmanic pjinli F'. Ll is clear, hawcver. Ihil no poinl 
P cm coincide wilh lis corresponding pjinl F'. far m ihal case 
ihf lines FS artd F'S wauld coincide, which is imfusslblr iTlbir |]l 
angle between ihem i& la be canslml. 



49, FundanienlaL theorem. Po^ulnJe orcnnlinaily. We have 

Ibiiis sbio"'ii (hal Livo proji'cLivc painL-rnivs ivupc rp-ised one i>n 
"he Dlher, m»y have Iwo jwinliv, one point, or no [XJinl bI ill 
ca ncvpundi ng Id ihemielvcs. We proceed la show Ibial 

If Iwo p'ojeclive pomt-mws. saperfin^efi aptm She .DJf/rt 
Xlra'^hf line, hiive "/"re Shun fw selj-cfve'^yinfi'ii^ po/n/\ 
Shty mitii have an injlnise nitiibe'. and every ;«iPiS ci'/resf'utti/s 
laUseSf, Shal rs. Ihe iwo p'rinl-'ows nre lot es.vitiia!/y d'ilinc'. 

If Ihrre painQ, A B. artd C. ice self-ca cce'^pDrMli ng, Ibien 
Ibie biirmonic conjugBlc D of B wllbi reivpccl lo A artd C musi 
also corrcvpund li> i I've If For four harmonn. jmnliv musI alwi>i 
CO cccvpand lo fo u r h armon ic pol n Is Inlhesame way Ihehacnionic 
eanjngale of £^ wilh rezjiccl lo B artd C iriusl co creiv[xi nd Id lliielr. 
Combining new jxiinis wilh old In IbiK way, we may oblain i' 
many seLf-co rreiipDrtdi ng jxiinis as we wish We show lurlhcr 
Ihal every [vinl an Ihe line iiv Ihc Limllmg palnl of i flnile ar 
inrinile sequence af se I f-corres [x> nd mg pjinls Thus, Lei a jxiinl 
P he between A artd B. Canslrucl now D, Ihe fourlh harmonic 
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nf C "'Hh rcijiecl lo .4 ind B D may coincide ivilh P. in uhioh 
case Ihc sequence is cloied, olherwise F liez in Ihe slreH-bi AD 
nr In Ihc '^IrcCch DB If il ha in the !.lrfKh DB. conslnicl Ibif 
Foiirlh biinnonic of C wilh respecl lo D tnd B Thii piinl D' may 
coincide wllh F. in "'hich case, »■> before, Ihc sequence inclosed. 
Iff lies m Ihe sire loh DD'. we CDU'vlnn.l Ihe Courlh biinnonic of 
[3a C wllh respecl lo DD'. clc In cjcti slep Ihe region in which F 

\icB IE d I mi n istieil, and ihc pfQcesi may be coulinueiLl unlil Iwd 
■vc I F-corres po nd in| poinls are oblalncdoneilher 'videof f, »nd bI 
diMauces fcom il arbilracily small. 

We ihiw asi^ume, explicilly, Itie fundimculal poivlulalc Ihil Itic 
CO rrcvpondcnc c U Lonliniiiiii<^. Ihil is, ihal lire ilirSitnLe hc'^^V'^^ 
Juvi I'i'ruf.s PI "lie jj'iJrJ-ri'ii' mt/y he inuiSe !i'b'\Tiiiily smi'SI hy 
.'jiffifiei'Ily liiii'ii'shit'g 'he lihumce belweeii llie f" reiiMmiling 
fioiiits i}' Ihe <nhe' . Suppoive now I h al /* is no [ * iieJ f-corres [x> nd ing 
poinl, b nl [:Drcrspn nds Id a poinl P' i[ ifixenl dKlancc J fioin F. 
.^ no Ind above, we cm fi nd bel f-correijx> nd i ng fuinlii arbilrinLj 
close lo/*, »nd II ipr^iJH, Ihen. Ihal wecan late a poinl D aiv close 
Id P 1^ we wiJih. and ye I IhcdiivlBnce belween Ihe corres po nd ing 
poinLk D' and F' approaches d as ■ limll, and no I zero, which 
conlrBdicbi Ihe poiil utile of conliniikly 



SO- El follows bIso ihal Iwo projecllvc pencils which h»vc Ihe 
■vimecenlermay have no more I h an Iwo ^el f-co rres po nd mg r»ys, 
unless ihc pcnciLiv are idenllcal For if we eul acmivs ihcm by 
I line, wc ofalBin Iwo piojcelive [vlnl-niws s nperpo'^ed on Ihe 
sime slnighl line, which may have no more ihan Iwo sclf- 
co rreiipondi ng poinls The ^Bmc conivldcralions ipply lo Iwo 
projecllvc >xial pencil which have Ihcsimc in is. 
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51- Projeclivf poinl-rotw hai'ing a selF-forreapondiiip puini 
in COIumUD. Cuniiidcr no* l*o projccLlvc [»■ luI- [ii ■*■' ij'ing i>n 
difffTcnL lmf& in ihc same planf. Their coininoii palnl may or 

may i»l be a scLf-co rrc^pn ndlng jxmil. If ihc Iwo pGLnl-rDWi 
ate pet!ipecl\\e\y related, then Ihcir common [x>[iH is cvldcnlly a 
5C I f-cojTcs [XI nd [n| [XJinl TbicconvcniC lp alno Inic, and wchivc |]J] 
ihc very imfuclinl Ihcorcm: 



5^ if in l>va pnHective painl-'ows. the j?tr'iif i^ arltisecliiin 
ci?/ ress'if/ds lo ilseif. Ihen ihe pi/inl-nivi's we it' ivrsprrcrivc 
pifS'Sititi. 



Lcl llic Two palnl-rawn be jj ind ii' |Flg f r| Lcl A and A'. 
B tnd E'. be coimijxi nd i ng jxjinl'v, and Id also Ibic [XJinl M of 
1 nlcriccl nj n of it mil jj' co ircvpiind Id LlicLf. Lcl AA' and EB' 
nifcl in Ihc jtoinl S. Tikf S bp Ihf ccnEci of Iwd pencils, anc 

jienir^clivc lo if tnd ihc olhcr jicrjijiecl iv c lo jj'. In IbiCvC lito 
jicncils SA coincidcv wilbi iliv co rrcvpondi ng rB>' SA', SE "'ilh il:^ 
CO ncvpondi ng ray SB', and SM wllh M:^ coimi [xj nd ing rty S\t'. 
The Iwd pencils itc Ihit identical, b> ihe preceding Itieorem, 
and any rty SD muiil coincide uilh lis corresponding ny SD'. 
C o rrcsfti ndlng jioinls of rt and ii'. Ibicreforc, all lie on lines 
thru ugh I he polnl S. 



5^ An cnlirely si m ll ar diic ussio n shoWk Ihal 

If in Iwt? prt^ecSive pencils tire fine joitr'ng 'he// cenleis h it 
se/f-ci'/re^'i^'dinn /ay. ihen She l\vt? s'enL'ls are fie's;<e€l've}w 
re!ti fell. 
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54- A similar Ihcorcm may be slalcd for l*o ixial pencils of 
which Ihc lies inlcryccl. Vcr>' frcq ucnl uic will be nudeol iHcbc 
fund amcnl iJ Iheo rf mn. 



S5- Point-row of iKe second order. The quizsiion miunJIy 
B riscv, W bial is Ihc Icit'itol j"i nliv i>f I n Icpvcc llo n u f corrcs [>■ nul Lng 
\m rays i>l Iwii prcijcclivc prnciK whicbi art" nul In pcrspeclivc 

pjiii IIdh ** This locus, which will be difuivsnl in detail in 
'vub'vfquenl chiplfjs, c easily seen Id have al moi^l Iwo piiinl' 
in common wllbi any line m Ihe plane, and on accDunI of Ihl^ 
fu nd ameni a I properly will be called a r'l'f'J f-J "H' <^ J^t refund 
t'Tiier. For »ny line n In ihe plane of Ihe Iwd pencils will be 
cul by Ihem in Lwd piojeclivc polnl-rows which have ■! mcbL 
Iwo ivc I f-corres po nd ing poinls Such a iel f-co rrespo nd mg jxiinl 
m clearly i jxiinlaf lnlcisccllnn of co rrcspj ndl ng rays ol Ibic Iwd 
pencils 



56-Tbil'v locus degenerales in lhec»seof Iwo pcrHpecllve pencils 
Id I pairof ivlraighl lines, one of which is Ibic axis oT peispecllvily 
and Ihe olticr Ihe common ray, any poinl of which may be 
considered as Ibic [xjIhI of Inleiieclion of correv[ti ndlng rays of 
ihc twD pencils 



57- Penci[s of rajs of Ihe serood order. Similar mvesii- 

gallonf maj be niadi: concerning Ihc syslcm of lines joining 
CO rrciportdi ng [tunls of Iwo prujeclive poinl-rowv. If we projecl 
ihc pj ml- rows Id any pLunI in ihe plane, we obi aln Iwd projeclivc 
pencils having ihe same ccnier. Al mosl Iwo pairs of self- 
co rccvportdi ng ra ys may preseni ihemivclvcs Such a ray is clearly 
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H line jDlmng Iwd corresponding jioinl'v in llie Iwo noinl-roiys. 
Tbic ccvulL may be sliled aiv folio Wvi Tire c]iJt//r i^ nif^ji'r/iirt); 
CO' reipiiiilittg j?i?inL<i rn Iwo p'otec'he poini-rtrvvs hns nS '"iisf 
Iwo'ays hi ciannuin w>lh afyftnLiS i'l Iht ;<la'ie. For Ihil reason 
llic&>slfn] orn^iE IE i: ailed a pencrl of rays i^ ihe sectfd orJe' . 



58, In Ihe caiic of Iwo liem reclivc [winl-rowv ihm syvlem of 
rayji degenerates inio Iwo pen^.ll^ of rty. of Ihe Qisl older, one 
of ivbiLch liBS [Is cenlcr al ihc ^.clller ol pl:Pvpl:^. li ■■ [!>■ of Ihe Iwo []i| 
gto I nl-JDWk, and I he olhei ■! the In lePvec llo n of ihc Iwo poinE- 
rowv, any ray Ibirough "'hich may be conividercd as Joining Iwo 
[:anckpondi ng pjinls of Ihc Iwo [xj Lnl- rowi. 



59- Cone uf iKe secund order. The coirc^jwnding theorems 

in 'pBCi! ma^ CBSily be obtained by joining Ihe pDinl'i and lines 
eoriMdered in Ihe plane Iheoiems lo b [oinl S in spBce Two 
projeellve peneilk give n^e lo Iwo prajeelive imal pencils wilh 
Bves I nletJiecl I ng. Corresponding planes meel in lines which all 
pass Ibrough S and Ibrough Ihe poinls on a poinl-ii>w of Ibe 
seec nd Older gene ralenl by Ihe Iwo peneiKof rays. Tbey are Ihus 
genera ling lines of a cxie c^ the second <mSer. oi quadric cone. 
so called because every plane in space no I passing Ihiough 5culs 
il in a pjinl-row of Ihe second order, and every line also ciils il 
in al mosl Iwo polnis If. again, we projecl Iwo noinl-rows lo a 
poinl 5 in space, we obliin Iwo pencils of rays wllti a common 
center bul lying in differeni planes Corresponding lines of ihese 
pencils delcrmine planes which arc Ihe projeclions lo J of Ibe 
lines which Join I he co rrespxj nd ing poinls of Ibe Iwo [xj ml- rows. 
Al iiHHl Iwo such planes may pass Ibrough any ray Ihiongh S II 
Is called a penciS nfpliiires trj fhe seciit'd order. 
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PROBLEMS 



1. A m in 4 moves along b 'vlrBighl id ad ii. and anolhcc man f 
movci ilong IhcsBmc road »nd *BLks^o as al*B>'s lo kccpiigbil 
of ^ in a small minur A^ il Ibie 'viilcol Lbiiz road Hoa man> lime:^ 
will Ibiey came logclhcr, ^ movrng always In Ihc ^ amc dl reel ri>n 
along Itif mad'' 

2. How min}' limc^ would the two mr n in Ihe fiml problem 
■vce each nihcr in Iwii mirroPv M and N si Ibicy walk along Ibic 
load as before'' |Tlie j4 ane& of Ihe Iwo mircois aie uol neceitsin Ly 
parallel » n.) 

3. As A moves along n. [rice the palJi of B bo Ihal ihe Iwo 
men may ilways see eaeh olhec m Ihe Iwo mircois. 

4. Two boys walk along Iwo palhiv ii and it' each holding a 
ainng which Ibiey keep Mrclched llghlLj bclwecn Ibiem They 
bo lb move al conslanl buldlflercnl rales of ijieed, lellingoul I be 
ivlnng or drawing il in i& ihey walk Mow many limes will I be 
hnc of Ihe siring pass over any given poinl in Ihe pLine of Ibc 
palltk? 

5. Trice ihe line& of ihc siring when ihe Iwo boys move al Ibc 
&imc rale of &peed in Ihe Iwo palhs bul do nol sun al ihcsime 

Itme from ibe poinl where Ihe Iwo palbs inlemeel 

6. A ship IS sailing on aslraighleniirseind hee[Vi igunlcained 
□u a pjLUI on Ihe 'vhnrc Show Ihal i line al ngbl ingleiv In Ibe 
direellou of Ibe gun al lis muz7.le wilJ pi'iv Ibcou^h any jxiinl in 
ihe plinc Iwice or nol il itl IConiklider Ibe polul-row il inClmly 
eul Dill by 1 line IhiDiigh Ibe poinl on Ihe shore al nghl angles lo 
ihe diceeliou ol Ibe gim f 

7. Two Lines ii artd ii' revolve aboul Iwo polnis fJ and SJ' 
respeelively in Ibc same plane. They go inlbesamedlreolion artd 
al ihe same rile of ^pee^L, bul one bis an angle a ihe slari of Ibe 
Dlher. Show Ihal ihey generilc i fuinl-row of ihe ^eeortd order 
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G. Discuss Ihc que^lion givru in Ihc [fl pioblcm when itir 

Iwo lines revolve in opfosHc dircclions. Can you recognize Ibc 
Jocus? 
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CHAPTER IV - POINT-ROWS OF 
THE SECOND ORDER 



60- PoiDl-rotv of Ibe Kcond urder defined. Wc have seat 

Ibial L"o I und amcnl ill lonn^ in unc-lu-umz co rrcvpondc nc c may 
'vomcli mf s grnr rale 1 fonn o f h i^bicr u rdcr. Th[l^.^wD [XJ[nl-ni"i 
lH 55] gcntrBlc a ■vj'slcm ol rayv of Ihc Jiccnnd oidr r. inul Iwd 
pcncj Is of rayk (J 57), isyslcni of points of Ihr j^ccdimI ondcr A& 
B s>''lcm of fuinl'i 1^ more fBrnlliir lo moil iludcnis ol gcomclrj 
Itian asyslcm of lines, wcsludj fiiM Ibic poinl-n>'t o f Ihc 'c^.ol^ll 
order. 



61- TanuenI liaf. Wc biavc shown m Ihr last chaplfr ['^ 55) IhBl 
ihc locus of inlc rscc lio n of CO rcfspondl ng ray^of Iwo piojcclivc 

jiencils a a j"inl-jpw of Ihc second on3cr, Ihil li, lI his al mosi 
Iwo fuinlz in common wllbi any line in ihc plane. 1 1 ii^ clear, fiisl 
of all, Ihal Ihc ccnicis itl Ihc jiencils bcc pjinlii of Ihc locus, lor 
Ic Ihc line SS'. considered b& a riy of ^, mm! CDJTC!i[und some 
ray of J' wbiicbi mcel'i il in 5' S'. and by Ihc same argumenl S. k 
Ihen a poinl where cojrcijxi nd i ng rays mcel \nj ray Ihnnugh S 
will mcel it in nnc jioinl bcsidci S. namely, ihe jioinl F where il 
mecls lis CO r[espi>ndl ng ray. Now, Dy choosing ihc ny Ihrough 
S liiifficlcnlly close Id the riy SS'. Ihc poinl F may be made lo 



62 Dele rm In I lion of Ihc li>ciii 43 

ipproicbi irburarily close lo S'. Bnd Ibic ray S'F mBy be made Id 
difCcr in posLliDn from Ihe langeul liiiir bI 5' by as IlIIIc a\ we I3HJ 
pleB^e We havclhcn, ihe imponanl Ibicorem 

The ray n' S' whk:lt ct?rre<^«it'<l<^ ft> ihe tofFU/rrvj ray SS' is 
luiiget'l fii Ihe l!?ctis ii\ S'. 

Ln Ihc & Bine miJinci Ihc lingenl al J may be conslnie led 



62- DelemiinaliuD of l]ie locus. We now 'vhow ihi< 't is pi?s<^ibte 
laass'gii li'bilrar^w Ihe ;<tr<iilifin cf three pobf Is. A, B. nnd C, tn 
Ihe U/cus Ibesides Ihe fioii'ls S aird S't, !iil. ihese Ih/ee i't?inls 
beiffg chosen, ihe Iik-iis is ci/tnplele!} delenniited. 



63- ThK si B lemeul isequivalcnl lo Ihc following: 

Civet ihree s'ni's o^ cnrtesftmiSing rays in fwo ii'Ojecfive 
yenc'ls. if b^ iii'ss'bSe lojind a ray c^ane which ct?rres;'t9'<l<^ "i 
any ' aw <^ She trSher 



64. We proceed, Ihen, lo IhesoLulian of Ibic fund b men 111 

PKOBLEU Givef ihree ptiiis t^ rays. aii\ bb'. and lc'. of 
livo s'r/teclitv stencils. S unil J', So jind She ray d' c^ S' wlrkh 
corresj?tni!ls In an y ray doj S 



Call A ihe lnlcisccllDn of on', B ihc In lePvec llo n ai bb'. ind C 
Ibic lnlcriccllon of cc' |Flg L2|. Join AE by Ihc line ii. and AC 
by Ihe Line jj' Consider rf as a poinl-row r^ispeclLve In S. and it' 
ts a poinl-iDW pemjxiclivc lo S' ii and it' tvc projeclLvely rclilcd 
lo each Diticr, 'kincc S and S' arc, by h>'[vlhesi&, ^lO iclaled Eul 
iheir ]x»inl of inlcrscci lou A is a nclf-co nespoudi ng [uinl, ivliicc 
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a bkS a' were snppnscd lo be cnrmiro ndmg riyn ll folio i*^ 
[i 52) Ihil II ind ii' etc in prispfcllvc fuiillnn and Ibiil line:^ 
IhroLigh carre^pjuiLl I ng poinlii all pass through i puinl M. Ibic 
ccnicrof jicrar^clLvlly, I he posilionaf uhich will be iLlclernii ncd 
by my Iwo iucbi lines Hul I he [nieiscc lion of u "'Hh rt ind Ibic 
inlcrseclion of f' wilh it' »re corresponding poinK on ii and ii'. 
and Ihe line joining Ihem is clearly c ilscll SimilBrLy, ^i' joins 
Ino CDirespo nd mg pulnls on u ind n', and so Ihe ccnier M or 
jicni peel [V 1 ly of df and df' [■> Ihe inlciscclion of c and h' To find 
d' in J' CO rrcvpondi n^ lo a given line J of J we nolc Ihe pnlnl L 
where J mccls ii loLn Llo M tnii gel Ibic poinl ^ where IbiLS line 
mccl£ a'. L and N are ca rcfk ponding poinls on jj and n', ind if' 
musl ihcrelore pass Ihmugh N The In Icpvcc llo n P if il and J' \'. 
Itius amil her pai n I an Itiir locus In I he same manner an^ number 
of olber points may be oblaincd. 



65. The lines ii and jj' mighl have been drawn in any dlreelion 

lhn>iigh A {HLOidlng. of couise, Ihe line a for u and ihe lineir'Fnr 
u"). and I he ce nler ar peispec liv ily jVf would be easily obi ain able. 



66 LIucTi JO lu] ng four poi n Is □ f ihc Locus Id a fifth 45 

bul ihc ibovc CO nMrucI [i>ii I ii rn isbii^v i 'iniipii: biuI lnilruclivc 
figure An equally simple one I& obliinfd by laklng ^j' Car n and 
a font' [My\ 



66- LiofsjoiniDQ four points of Ihe locu^lo a fiflh. Supposf 
Ibial Ihc pDinlii S. S'. E.C.Bn-i D arcliicd, and IhBl lour poinl'v. A, 
A A and A ,. arc Iflkcn on ihc liicui al Ihc i nic ^^c^. lio n wllbi il 
of my four hannonic rayv Ibiinugh E. Thcic four biannonLC rtyi 
give laurhiriTiDnlc pcinls, i-, t cic., on ihc fixed riy SD These, 
in lum, project Ihrough Ihc fiied point \t inlo four hacmouic 
poinliv, ^, ^ cIc .on Ihc ftxed line DS' TbiCie I is I lour harmonic 
poinliv give four hirmonk rayi CA. CA-. CA,. CA, Therefore 
ihe tour polnls A whkh project Id B in four hirmomc ray^ aln> 
projecl Id C in four hamiome rB>'s Bul C m»y be Bny noinl on 
Ihe locus, and so we have ihc >cr>' [mrorlanl Ihcorem. 

Fixir j'tmls iWr^fr irre i?ii tire It'nii. irird n'fijcft pii/jeC lo u 
/^flfi foinl i^lhff ftxux inj/xir hiif'iiti re ray"!, pn^ecl lo airy j?i''ii I 
cfl 'he locus m fiiur hit nii!?iiu: rays. 



ff7-The ihcorcm may ilso bcsfiled ihus 

Tiie }'M.ii<^ 'Ij ii'ib'Si fnyf yvhidi. fiitir given (join's we seett 
afiitg ftKir I'ltntio'iic rays is n pifinl-rtfw t/j 'he se<.i/nd tinier 
lh'i?ugh lire"/. 



68. A furlhcr I hcorcm of pnme imjxirlancc also fo flows: 

Any l\vi? pt''ii\<^ i?ii Ihe Stfiismu' be 'atef us she <.eiiler<^ oj fnra 
yrofeclii'e peitcHs which will generale 'he locus 
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I'll 



&f. Pascal's iKeoreni. The piilnis A. B. C. D. S. md 5' may 

lbiLi;i he ^unsideictl as ^biusrn arbilnriLy on Ihc Jocu'k, ind Itif 
FdJ towing rcmsckablc iheorem To Hows iIdikFl 

G'ven six I'lyml-,. 1.2.3 , 4. 5.6, on She iioa'l-'i?w tfihe 5ef<ind 
I'rder, rfwe ml! 

L lire o'leT^enioti of /? wilh 45. 

N She inle' ^eflffi t^ 34 w'fh 61. 
Shu'i L, M. nnil N a'e on a Sraight l'ii€ 




FlC. 13 



71 HBrmDnic pain Is on a jio i nl-JDW of ihc scco nd o rdcr 47 

7(LTo gel ihc nalirlon Id nanespond Id ihf figure, wc iniy lake 
^Plg ]3lA = i.E = 2,S' = 3.D = -I.S = i.3ndC=6 If wc 
mBlccA= 7. C=2.S=3 .D =4, S'=5. ind. B = 6. Jt\p poina L sml 

fj Bi? inlcrchsngcd, bul ihc hnc ]& IcfT iinchingnl. Il lEctr bc Ihal 
one jxjini niB>' be nBmcd irbilrBrily and Ihc nlhcrfnc nimciJ in 
5' = ^ ?0 d iff crcnl waj's, bul4ln^.c, is wc h b vc iccn, Iwo diffcrcnl 
Bs^ig n me n Is of namcii give ihc simc Jinc, il faLloWk thai ihcrc 
izanuDl be more Ihin 60 differcnl lincv LMF^ iiblt\acd in IhLk way 
fnnm a given scl of ivlx piinliv. Aiv i mailer i>l fB^.I Ibic nuinbcr 
oblained in Ihi'i wi>' is In generBl bO The above Iheorem, which 
la af cardinal i injurlaiicc in Ihc ihcory of Ihc polnl-cow of Itbc 
secand aider i^ due la Paiical and wb^i diHcavcrcd by him bI Itrc 
igcof srMcen T I is, no doubl I tic moi^l imjxtrlanl conlnbulion la 
Ihc lheor>' of Ihc^c loci since Ihc days af ^fulLanius If Ihe six |>L2J 
fDinIs be ci I Led Ihe vcrliceb of a heiagan iniicnbed in Ihc curve, 
ihcn the sides 12 ind 45 may be appropnaleLy called a piic af 
apfxjiilc ^ides Pascil's Iheorem, Ibicn may beslaled »^ fnlLaws 
Die ih'et pairs t^^ '•i?j?t'<^iS€ s'd€<^ oj ti h<i\iifiiin insciibeil m it 
yifi/il-n/w c^ the seci/nii tinier fitee' m Shite yoinlit/ti it line. 



71- Harmonic points on a poinl-row of tbf scond order. 

Before proceeding laddclnp Ihc canHcquences ol Ihii Ibicorem, 
wc nalc analher rc&nll af Ihc ulmosl iinjunancc lor Ihc higher 
devclopmenlsnf pure gcom dry, which folio "s from Ihe fad Ihal 
if four fuinl^ an Ihe locuiv projcci lo a liflh in four harmonic 
rays. Ihe>' will proJe^.l lo »ny [XJinl of Ihe locuji in four harmonic 
rays 1 1 is nilural lo i^pcBk of fanrbuch pain<& is four hamtanic 
piinK on Ihc lacui, and lo m^c IhK nolion lo define projeelivc 
CO rrc'vpi>ndencc bclwccn [xiinl-rowv ol Ihe ivccond order, ar 
belwccn i pjinl-row of ihe second order iiid any lundamcnlal 
form of ihc fii&l ardcr. Thus, in pBrllcular. ihc poinl-row of 
ihc second aider, □. is ^Bid lo be fitrsiitcSlveiy 'staled lo the 
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licncil J* hen every riji on J goes Ihrongli ihc polnlan o uhich 
CO rcf Ik pond Ik Id iL. 



72- Df lermination of Ihf locus ]i i\ now clesc ihai iivf noinis, 
irbilrarilychoienln Ihe plane, arc s uf fic icnl lodflecminf a jxiinl- 
jDW of I he second order Ihrough Ibicm Tivo of Ihe poinK mBy be 
latcn as cenlcis of Iwo projcclivc pencils, and Ibic ihrcc olher^ 
will delfrminc ibrre paliik of CDires fu nding rtyi af ihe prucils, 
Idfl and iherefarf all palri. IT four [uinls of Ihe Idcie tic gufn, 

logclher wllbi ihe langeni bI one of Ibicm, Ibic locu'v is Llkeivisc 
camplelel^ delfmiined For if Ihe jx>inl il uhich Ihe liugenl 1:^ 
givf Ji be liken a\ Iheccnicr Jof one pencil . and my olbicr of Ibie 
poinU lor S'. Ihen, besides ihc two piini of eorre^jv^ud i n^ nys 
delcrmlned by Ihe remBining Iwo [XJinli we have one more pair, 
consisllugof Ihe langeni al S and Ihe ray SS' Similarly, Ihc curve 
Isdelcimlned by ihiec poinU ind Ihc laugenU al Iwo aflhcm. 



73- Circlerf nnd ccmiiTiarf poinl^rDusoFlhesecoDd order- li Is 

noldifCicuLl loscc Ihal acin.lci\ i polm-rou' of Ihc ivcco nd o nilcr. 
Indeed like tny [uluI S on Ihc circle »nd draw four harmonic 
rays Ihnni^h II They will cul Ihe ciicle in four poinis, which 
will piDJecl lo any Dibier polnlof ihecurvein four harmonic rays, 
for. by Ihc Iheorem concerning Ihc angles inscribed in i ciicic, 
Ihe angles involved in Ihe 'second sel cf four lines are Ihc '^tme 
IS lhi>'vc in ihe firsl sel If. moreover, ivc projcci Ibic figure lo 
my poinl in space, wc shall gel a cone, ^landing on a circular 
base, gencriled by l*o pjojeclive axial pcncili which arc Ihe 
projecllonz of Ihc r^nciL'i il S »nd S' Cul acn>'vs. ni>w, by any 
plane, and wc ^cl a conic seclion which [■> Ihus cahiblled as Ihe 
locus of inlerseclion of Iwo piDjechve pencils. Il thw^ tppetn 
ihal a conic 'kCcEion is a point-Tow of Ihe second order II wllL lalcr 



74 Conic IhiQugh five poinCfi 



49 



ippcBF rhsl 1 [XJinl-row nf ihc ivcco nd aider is a cunic 'cclion. In 
Ibic I u Lure Ihcrclorc, wc sHbLI rclcr lo i pa ml- raw aniiF kccdimI 
Didcris t canlc. 




FE. 14 



74- Conk through Rve poblls. Pir^aL'^ Ibicorcm lumishn. an 
cLfganI ^olulion of Ihc piDblcm ard raiding a conic ihrou^bi five 
given poinU. To conslTucI i si^lh pcinr on ihc conic, dnw MJ] 

ihraugh Ihc palnl numbered 1 in arbilrsr^' line fPig. I4|, and 
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If I rhcdcvlred jx^inl 6 he Ihe JiCcdui] pjiul arinrr r^ecliun of Ihl^ 
line wllbi Ihc conic The foml L = 12—15 Is oblairiBbLc bI once, 
iba Ihc jninl ^ = i4-6i. Eul L and ^dclcnninc Pihf aL^ line, 
and Ihe inlerifc Ildu of ?3 wilh 56 muM be on IhLk line Inlrpvcci, 
Ibirn, I he Line fW uilbi 1i andablalu ihe pjlul jVf Join jVf lo 5 and 
inlci&ecl with 6 1 iDTlhf de&iEfd jioinr 6. 
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75 Tingcnl lo a conic 
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75- 'I'angenI lo a conic- If iv.d fxuni' of Pa-scil's hc^Bgon 
Bppcoicbi CO Lui: idc IK l! Ilicn Ihc line Joiniiig Ihcm approaches i' 
I LimLling pa&iljon Ibic langcul line al Ihal point PaTiCil's Ihcorcm 
Ibius iffonil^ a rcidj mclhad o f drB w i ng I bic Imgcnl Undo iconic 
Hi a given pjinl II Lhc ci>iiic is dclcnrnncd by ihc poinis 1,2,3, 
4,5 |Fig L5f, iinl 1 1 14 desired lo litt^ Ihc iBngcnl al Ibic poinl I, 
wc mBy call ihal [uinl I, 6 The points L Bud M arc DblamciLl I'l 
UEUil, and Ibic i nlcmccl lan or3J u'llh LA-f gives N. Join ^m the 
poinl 1 for Ihc dciiircd langcnl bI Ihal poinl. 



76- Inscribed quadranijte. Two piirs of vertices may coalesce, 

giving bh Liticnbcd quadrangle Pascals Ibicorem gives foe Ihl:^ 
case the vci^ kmpciliiil Iheoeem 

Twi' t'liir'^ '^ tf?p!?^'tr: skSr:<^ !?} any ipii'if'V'gfe inscriheiS m it 
amic fneel i*r u .^/nii^hl One. ii;<titi which line nSsa bifersecS ihe 
Iwa pairs af luii^nli aS fhe i>iip<fslle verlices. 



[lil 
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For Jcl I he vcrlices be A. E, C. tnd D. and call Ibic vertex A Ibic 
poinl I, 6. B. ihc |xnn[ 2: C. Ihe [XJinl 3. 4, and D. Ihc jioinl 5 
iTIg l6l Pls^.al'^ Iheocirm Ihen linHicilCv Ibial L = AB-CD. M = 
AD-BC. ind f^. which \s Ihe interaeclionanhe iBngcula al^ and 



77 Inscribed triangle 
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C irc bII on b sCrsighl hnr ii Bui if »'c wr re lu call A Ihc jmnl 
2. B Ihc jxjim 6, I. C Ihc jioml 5, and D Ihc pi>inl 4. i, Ihcn Ibic 
] [ilci^ecl ID n F of ihf Isngfuls bI E snd ^J arc ebio an this ^imc 
lincrr ThusL. ^. f^. tnd P arc fan r jx> i nlik □ n a^lnigtil line. The 
i:o [|^equc nc Cv of Ihis Iheocem ireno uumeiDUE andimporlanllhal 
wc eIihII devale a 'kCparale chH[ilec to I hem. 



77, Inscribed Iriai^ie- PmilLy, ihref of ihf vemcK of ihc 
JiexagDU may CDaLc^ce, giving i Iningic inscribed in a conic. 
Pi'cal'^ ihcorem Ihen rcBdii as fuLlowv (Fig. I7j for Ihl^ case: 

77re J^E^et iiingeiiis al the veifk-i:'^ oj it \riaf'g}'- inscriheiS m it 
conic meel She offifsffe sides in sh'et ptrmfs iin it sfruigfiS Smt 



[4t| 
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78- Deeeneralf conk, if wc apply PBscal"^ ibicorcm lu a 
ilcgcnccalc ^uniL mailo up ol i piir of 'klTiighl line^, wf ^el Ihc 

folLnwIng Lbicorcm |Flg 131: 

If rhrrv po/nf^, A. B. C. nre chosen tm one irne, and Ih'ee 
S'l'/nW, A', E'. C. ujt chiifen i?n uniflhe'. llrci Hie lh'e€ pi?inl<^ L 
= AB'-A'E. M = BC'-B'C^ ,\ = CA'-CA ^retill •"' a •^/niighl Hie 



PROBLEMS 



1. IdFI| I7,^elri:l drffrrrDl lines ii and Iiece ihf lacub of Ibif 
ccnicr of persjiecl I vll y M o f Ihc Lincv jj and ii'. 

2. Gjvch four pjinli, A. B. C. D. m Ihc plane conivlmcl a 
fifrh roinl F 'vuch ihBl Ibic Iluc FA. FB. FC. FD sbiall be four 
hBcmnuic lincv. 

SiiggeXIffi. Draw a line a ihruugh Ihe pjLnl A such ihal Ibie 
four lines a. AB. AC. AD arc biamninLC Con'vlnn.l now a conic 
I lire ugh A . B, C. ind D having </ lor a langcnl al A. 

3 Where arc ill Ihc pjLnIs F as dele rm inc^l in Ihe precculLng 
queblloji. lo be found'' 

4. Select my five poinls in Ihc plane and draw Ihc lingenl Id 
ihc conic Ihrough ihcm al each of Ihc live poinliv. 

5 Given fnur poinis on Ihe coni^, »nd Ihc langcnl il one of 
ihcm. lo conslrucl Ihe conic /"Td canslnicl Ihc conic" meiiii 
|i17i hcic lo consliucl h& many olhcrpoinls aiv may he den i red.) 

6. Given Ihree poinls on Ihc conic, ind ihe lingeni al Iwo or 
ihcm . Id CO nsl rucl Ihc conic 

7 Given five [xjinls. Iwo of which arc il infinily in diffcreni 
diFcclions, lo conslruci Ihc conic. |ln Ihiiv, md in Ihe Following 
examples, ihc sludenl ie sup[xi!ied Id he able lo dnw i line 
pirallcl [D igtvcn linc.> 



PROBLEMS « 

8 Givfu four pLiLuls an a cduic flwo of whkh ai? il inflmly 
Bnd IWD m Ihc fiuilf pari of Ihe p[tnc]. logclhcr ivilh Ihe laugcnL 
iloncaf Ihc finllf jcml'v. Id conslnicl Ihc conic. 

?. The [ingcnib ■□ a c^irvf hL lis inrinilcLy diManl pjiul^k etc 
callcii lis iis<-ittiHt'l€s Lf Ibicy paji' Ibiruugh i finllc pBil nf Ibic 
plane Given ihe asymplulei and i fitiLle pGLnl of h canic, lo 
i:D[i?ilnicl Ihe conic. 

IOl Given an asymplale and ihree finllf poInQ on ihc conic. 
Id df Jennine the conic 

1 1. Given lone [uinls, one of which is al infinlly, ind gjvcn 
hLsc rhil the line il inflnily Ie i langeni line, lo cojiblcucl Ihc 
came 



CHAPTER V - PENCILS OF RAYS 
OF THE SECOND ORDER 



79. Pencil of rajs of iKe second ordfr dflined. If ihc 

cu rrcvpiimli ng jxjinl'v of livu proj cc ll .c [XJinl-niwi be joined by 
'vlraighl Lln«i. i ^yvlcm □! lineii is obtained wbiich is cslled a 
jiencil of rayi of Ihc second anJcr ThiJi name arL'td from Ihc 
ficl, CB&ily shown (J 57), thai al moi^l Iwa Una of ihc syvloni 
may pe-i'^ Ihnnugbi any Brburary pnlnl in ihc plsnc. For If Ihcough 
Bny pi>liil Ihccc should pass Ihccc Lines of Ihc syiilem, Ihcn Ihiz 
jioinl mlghl be laken b:^ Ihc ^.clllc^ of Iwo ptojcclivc pencils, 
one pjDjcclIng one poiiH-niw ind The other projccling Ihc olhcr. 
Since, now, Ihcic pcnciK have Ihrcc raysof onccoincidenl wilh 
Ihc cojTcs [x> nd ing rtyi of Ihc olhcr, ihc Iwo arc idcnIicBl and 
Ihc Iwo jninl-rows bcc in [vispccllvc juiklliaii, which wa nol 
■>upj"'vcd 



SO- Tangenls to a circle. To gcl i cLcac nolion of Ihis syvlcm 
of lines, we m»y fiisl show Ihal Ihc langenis lo i circle fonn a 
&y£lem of lhi& kind. For lake iny Iwo langenis, rt and ii', lo a 
ciicic, and Id A and B be Ihc pamla of conlaci |Flg 19V Lcl 



51 Tingcnl'v Id 



conic 



57 
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now I be sny I blind iBn^rul wllbi poinl of con lac I al C tnii mcizling 
r/ ind h' In P and f ' r&pccUvclj- Join A. E. F. P'. and C lo 0. 
ihr ccnEfi of ihc cittI^. Tangents from any point Id a circle iic 

equal, and ihcrcfcrc Ihc Inanglcs FOA and FOC arc equal, a^ 
also arc Ihc Iriangl&v P'OB and F'OC TbicrcForc ihc angle POP' 
m conivlanl, bcin^ equal lo biall Ihc conslani angle AOC + COE. 
Tbiiii being Iruc, If wc like anj fcur harmank [vlna. F,. P-. F,. 
Pj. en Ihc line jj, ihcy "'ill projecl lo O in four hannonic lines, 
ind ihc langenbv lo Ihe circle Tiam Ihe&e Four fuinls will mecl 
rj' in four harmunk polnls. P'-. F'-. P',, P',. hccausc Ibic lines 
from iheae jdnliv lo O IncLoive Ihe iBmc angles ts Itie lines from 
ihe poind P F^. P F on ii The jminl-mw on u is Ibiercfore 
jirojecllvc lo Ibie poln I- ro w on jj ' Thus Ibic iBngenIi lo a circle Bre 
seen lo join corrcji po ndmg polnls on Iwd projeclive [xj inl- ro "s, 
ind Eo, iccording lo Ihc dcfinillon. form a pencil of rays of the 
secc nd Older. 



M^l 
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SI- Tancents lo a fonic. II udvf ihis figui? be pcuje^ied ro 
B pninl oul'iinlc Ihc pJane of Ihc ciiric, and any scclion of Ibic 
rf&ulllug [:Dnc be mwlc by ■ plane, wc cin ei&ily ncr Ihil ikr 
syslcin of rays langrul lo any conic sfcllDU is i pencil of rtyi 
of ihc ivccond oidcr The converse is alio Iruc, as *c shaLI sec 
lalcc, and i pencil of rB}'SDrihc&ecDndarderl& aliiD b 'id ol line^ 
langcnl lo a conic bee Lion 



SXThe pcinl-iows Ji indij' are, lhciiisclve&, Irneb of Ihe 'lyvlcm, 
for lo ihc caniJiian poinl of Ihe Iwo painl-niw^, considcrecl ts a 
jioinlof jj, mu'vl CO rrespj nd some poinlof df', »nd Ibic LincjoinLng 
Ibicse IWD carresjxirid I ng fuinls !■> cLeariy jj' ilscif SImLlariy for 
Itic Jine n 



&- Deleriuinalion of Ihe pfocil. Wc new shew ihai ii h 
yifssible lo assiiui arbil'nr^y Ih'ee lines, a. b. and c. of ihe 

syslein Ibeside'i Ihe tbre'i ii tintS ii'l. hiil if ihese ihree lines me 
chosen, l!ie •iys'e"i hfomp/elelytSeleiTii/ned. 

This 'klBlemcul iscquivalcnl lo Ihc following: 

Given three pairs of corres;«it'diii£ ;<triiifs m twif ii'OjecSive 
poiiil-rows. if is t"''^/ble Sof/ntS a pi'iiri it 'jne whicli ci'tress'trtrds 
l'Miii< pt'iiif 1^ lhei?Sher 

We proceed, Ihcn, lo I bic so lul Lon of Ihc fund amen 111 

Pkqblej. Ghen Ihiee pai's i^ paints. AA', BE', uid CC of 
l>va ii'tfjective j?friit-mws u and ti\ It' jind liie j'lii'ii D' i/f ii' 
which CO' resfitiids In unw ^iven pifini D t^ ii. 



On the line u, joining A lud A', lake Iwo points. ^ and S' i' 
ccnicisof pcncik r«isr>cclLvc lo jj and ri' res pec lively fFig. 20). 
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Tbic figure will be much slmplirLccI if it lake S nn BE' and S'on 
CC. SA and S'A' b rc co rrcspj nd lug raj's uf 5 ind S'. and I he Iwd 
pencils iTC therefore In pTispci: live pcviliDn. Il is ml difflcull la 
Ecc Ihil Itie 1X1^ dI pmjicci I viI>' m t\ Ihe linr Joining E' and C 
Given tny ivtnl D on I'.Ia find Ihc carrcijxind i ng pain I D' on ii' 
v,e pnjcced as fuLlowvi Jain D lo J and nule where I he joining 
Jine merls rrr Join IhK pjinl lo S'. Thl^ Ih^I linr merls jj' in Itic 
dejiircd noinl D' 

We biive now in I his figure ^li lines of ihc s>'slem u, h. c.d. 
II. and ii' Fix now I tie posllion a^ it.ii. h.c. en-i tS. tnd like taur 
lineiof Iheiyilem, j?.,^,, flj,fl ,, which meet ^ in fo ur h armon ic 
pointk. These poInQ projecl Id D. giving faur hirmanli: piiinls |^l 
on ni TbiCvC agiin ptnjecl lo D'. giving four harmank poinlsan 
c II IS Ihusclearlhil Ihe nyEii-.ti-.ti-.t/^ culoul Iwa prajeclive 
pDinl-JDW& on any Iwa lin^E af the 'ky'klem. ThiE h ind rr' iic 
nol&ivcial rays, and tny two laysaflhr syklem will nervr i& the 
poinl-TDWs Id geneTHLf the ^ysEem of linc^. 



&4. Brianchon's iKeoreiu. Prom ihe figuic ilso ippem a 
fund ameni B I Iheomn due lo Enanchan 

If i. 2. 3. 4, 5. 6 are tiny iri 'ayj^ c^u fretci! of Ihe second 
t'rder. rJrw she !bres I = f/?. 43}. ni = t?3. 56). n =<J4.6l)/tll 

jmssli'ni'igh a po'nl 



B5, To m»ke ihe nolalion fil ihe figure (Fig. I^^.TaiVr a = ! .h = 
7.u' = 3 .d = 4. II = 5.1. = 6. or, inleichanglng Iwoaf Ihe linci.u 
= i.c = 2. u =3. d = 4. Il' = 5. b = 6. Jhuf, by different namlngi 
of ihc Lnf&, Il apTcars Ihal ni>l more Ibian ftO differenl Eriaiichiin 
points ire [vii&iblf If we call 12 and 45 apjc^lle verllces of a 
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i: lir u m^icri bed hrxBgon, IhcnEciBnchDu'z I hoi rem nii>' bcnlilfd 
H& follows: 

The three I'les /i'if''/in Ihe fhree j?a''i of oiiii'isile venrces aj 
a hexa^tii €in.Tii<^ riheiS iiSkhH a conic ineeS in a j?t?inl. 



SA. C^nstruclion of Ihe pfDcil b}' BriaochuD'^ Ibforem. 

B n anc ho n's Ihcorcm furnishes b ready mclhod ol delcnrnniiig a 
[53 ivlalh Line of Ihe pencil ol rays of Ihe ivccond oidcr when li>c Bre 

givFJi Thu^, seLe^l a juinl in line I lud supfuse ihal Hue 6 is Id 
]>■&& ihrairgh ll. Thcn^ =t!2. 45i.ti =<34. 6!}. and ihe line m = 
<23. 56 J m us I pass ihrou^hfj rtt. J hen 123, Intmerli 5 tn t j"inl 
of Ihe rcquLrenl sulh line 



S7r PoinI uf conlacl of a 1niit:enl I" a conic. If ihe line 2 

Bppcoieh as a limiling fusilion Ihe hue I, Ihen Ihe inlenieeliDn 

f/. ?f Bpproachejv aiv b LliuLling jxislUou Lhc [XJinl of coulael uf 
I WLlh Ihe eonic. Thliv sug^esls an eisy way lo conslrucl Ihe 

[iDinl orconlicl i>r luy laugenl wilh Ihe eonie. Thus {Fig. 22), 

giveu ihe lines L, 2, 3, 4. 5 Id eon^lrucl lhc jioinl Df eon lac I Df 
1=6 Drawf =il2.45'f.»i =123.56}: Ihcu rJJ- J'frfmecls I in lhc 

required [xiluI of coulael T 



S& Circunivribed quadriJaleral. If iwo pairs of lines m 
Bnauchon's hciagou CDBlcsee, we hive b iheDrcm coneerniug a 



39 CiiFumscribal Inangic 6l 

quBdrilalccal i: lit u mscri bed aboul i conli: 1 1 [>> cihI I y lo und lo hr 

Jiiefim r liitesji/ii in g Ike I wo <ie;'<f<^ile j?a''^t}}ve' Sices and She 

S>va oppoiife j?fr'iifs i?} citilaC i^ it qi'uiS'ih'StiuS €'rciim5cr'!'ed 
abixtt It Lim'tL iifS ffvel ne ti ii'ibrt. The consf q ucncea of rhl^ 
IticDrcm will bf dcducol IhI^i [51J 



89- Circumacribed liianclf. The hcxigon may funhcrdegcncr- 
Blc inlD B If] angle, ^[vi ng Ihc Ihcorcm |Flg ?4| Jlie lines ji'r/iing 
She versicei h? ihe pi?inl^ "f '.t^t'Su'.l '4 'ke i^piis/'e hrjrffs qf u 
S' inline c'rcamscrrbed abofS u Ltstri. all ineeS bt a poinl. 



90- B n in^ biu ii'iv Ihroicm may iJbo be usrA lo^iakvclhc tDllowLng 

problfm^ 

Given fimr lungenls afd the jroitS of conlacS on any one of 
She'", So ctii'it/ Hi I o'lrer 'angel's So a cnit: Gheir three ln'igenl^ 
and She pi?inl^ of c'Sin S i^ any S\vo oj She"', 'i' eottslifcS other 
Sangei'Ss So a con ic. 



91. HariUUDic tancents. Wc have seen ikal b variable laugcnl 
cuts Dul on any (wd Ti\ai lingetm pioyeume |X) i nl-ro u s. Il 
follows ihal if fnur langcnDi cul a fiflh in four hirmanlc poinli, 
Jbicy m uM cu I every I B ngcnl in lour h anno n ic jxi i nK. [lis posivlble, 
Ibciefote. lo mat:e Ihe foLlortingdcfinLliDn: 

F'xtr tangents Sir a e'Jtirc ti/e snid ti' Ite hannonic when ihew 
'feel every oSher SiingenS in four hannonic fioii'Ss 



62 An ElcmcnlBcy Cduis^ in Synlhclic Fjdjcc live Geo mclrj 

91- Projeclivityand persperliiilj. ThLsdcfinnionsnggc^i^ idc 
jxiiivLbiLlly ol dcCining b pnijcLllic ^.l>r^c4J"ll deuce belwceii Ibic 
elf mena of i licncil ofraykDrihe ikecD nd □ cdf r i nd Ibif elfmenl'i 
of iny foim hereto fnre discit^ied. In pBcll^uIsc, Ihe juinK una 
langeni are i^blJ Io be penpecl'wS' miaXett Id Ihe Imgcnl'v uf a 
cooLC "'bicn CB^.h [xiliiI lies on Ihe langeni which correijxind' lo 
il. Ttifve noliDibi are af im [Xf M b nee in itie higher dcveLopinenl^ 
|M| of Itic 'vubjecl 



93- BnanLlion's lbii:i>reiTi iti»>' iIjiO be applied lii a dcgenerilc 
ccnii: m ide u[i u f Iwc puinlii and Ihe J meii I h ru ugh Ihem . ThiLilFig. 

if a, b. c a'e three !if'e:i Ih'im^h ti poini S. nid n', b\ c' are 
Ih'et !ine^ Ih'ixtgh itnofhei iioiin S'. Ihe/i She fares} = tub', a'b), 
FFr =(bc:'. b'c). nidi = (cn\ c'a'faU ffteet m npoinS. 



94. Lbw ofdnBlilj. The obivervam MudenI will ml hive failfd 

la mle ihe remarkable similBcily bclwefn \hc Iheorem'v of Ihi^ 
cbiaplerBnd Ibiosenf Ihe preceding. He will have no led Ihal p-iinl' 
have replaced lines and lines have replaced fcinls Ihil poinKDn 
B ^.u^vc have been replaced by Imgenl'v lo i curve, Ihal pencils 
have been repLB^.cd by pj inl- ro ws , and Ibial a conic considered 
as made up of a succession of pninis his been replaced by a 
conic considered as generalcd bj a moving lingeni line The 
Ibieary ujxin which ihis "'onderful kiwi^diiiiSiSs i'. based "'ill be 
developed in Ihe nexl ctiapler. 
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PROBLEMS 

]. Given (Djrlmr^ In Ihepline^lD ^cn&lrji:! iDDlliEr wbich &I11IJ 
■ eri ikrm m four hicmonii: poml] 

2 WlirreijeiLlsudiLinriCDjril^ 

] Given in/ livr lines in Ihe pline CDTElnicLan eich Ihe 
pDlnlDlconla^lwLlliLliecDiiK lin|mLDlhem ill [^i\ 

4. Given fo III li ncv 1 nd Ihc polu I ar co nl bcI □ n one. lo cau'vlm^ I 
"he conic. I "To cpn'vlrin.l I he come" mean.'k here Id draw as many 
D Ibicr I angen Is as may be desired. J 

5 Given Ihcee lines and I tie [ximl orcDnlBclon Lwa of iJicm, 
la CDiuliuel the conic. 

6. Given foni linc^ ind ihc line al inflnily. Id cdiisEtucI ihe 
canii: 

7. Given Ihcce lines md Ihe line al lnfinily, logelhcrullh Ihe 
poinl Df ecnlicl al infinity. Id conslnicl Ihe come. 

8 Given Ihrec lines, Iwd of which are asyiripOiles, Id con'vlnie I 
Ihe conic 

S Given five langcnb to ■ conic, lo dnw a tangcnE which 
shill be parallel lo any onecf Ihem. 

[O.Theline^u, h.c are drawn parallel Id eachDihec Thcline^ 
a', h'.c' are albo drawn parallel loea^holher ShDW why Ihc lines 
{tib'. u'h^. {be'. b'C). [cii'. < Vj| meel in a polnl. |ln problems 6 In 
10 incliEive, parallel lines are tc be drawn.) 
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CHAPTER VI - POLES AND 
POLAR S 



95- Inscribed and circumscribed quad riJalf nils. The follow- 
ing Ibicarcms hsi'i: bcizu noled b:^ iiivcial cbi^c^ of Pi&cal^ and 
Biiajii: bio n's Iheorfmi 

If n ijiilid' HiiSeml beinf-ribeiSpiacnnic. l\vt?;'iiir<^afi'j?j?t}<^iS€ 
xides uiiiS ihe la'igenl<^ al ii/p'j^ile tv Sices inSei iec I injim ' poinls. 
a!l 1^ n'fjdWi lie'Mi u s'miplrl Ihie 

If I' ijtiiiiS lilt' Semi !m- t-h'.ii"'S'.ilbeiS ulxrttl u conic. She !ine^ 
jiiiirr/iH Swii j<ii'r<^ 'if ii?i?t>^'Si: veilic€<^ uiii tire ibte:i jiiiifrin fHtH 
oppt?s'te points f^ conliicl are }t»i I Sines which meeS in a point. 



96. DeTiaition of Ihe polar bne of a poinl. Comiidcr ibic 

quadrilalcral K. L. M. A' lnicnbcd in Ihc come {Fig. lb) ll 
dclcrmlnm Ihc four tiannanii: polnDi A. B. C. D which projcci 
from N in li> ihc four harmonic jxiinliv M. B K. Wow Ibic 
langcnis bI K Bnd M mcrl In P. » pnlnl on Ihc l[iic.4B. The line 
AE K ihus dele rm [ncd cnlircly by Ihe jiomi O For if wc dnw 111] 
my line IbicDugh il, inccllng Ihe conk In ^ind M. ind can'vlm^l 
Khc hicmank canJugalcSaf (? with rcspri:! Id A'lnd M. and al^D 
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ihc li*o iHngrnl^ bI K amJ M which mccl in ihc jxjini F. ihcn BF 
IS Ihc linr In qufivliun. IL Ihus ippeaPv Ihil Ihc hue LOF^ may 
be any line whalevcc through 0, and since D. L. 0. N arc laur 
hinnDnic pamiE, wc ntty describe Ihc line AB fi Ihe Iocue or 
jxunlii which arc hanuonic canjugalcs of wilh rcsfwcl lo ihc 
IWD fuinlz Inhere auy line Ihiough mccis Ihc curve. 



97. FuUhcnnorc, SI ncc Ihc langcnQ at L and^mccron ihin ^luic 
hnc. il apjicaPk a^ Jhc iocus af lulcriCcllonE or pain or lingcnl:^ 

drawn al ihc cxlrcmllici of chords Ihiough 0. 



98, This imjcrlanl line, which is complclcly dclcrmlncd by ihc 
jxiinl O. iiv called Ihc fiJti/ of wilh respcci li> Ihc conn.; and 
Ihc polul U cbIIhL Ihc poie of Ihc line wilh rcspccI lo Ihc cduic. 



100 Canjugilf pcinLv ind lln«i 



71 



99- If B p-iinl E 14 iin Ihc polar of 0. Ibicn ll is h i rmaiiic »l f y 
conjugBlf IP ivLlh rcvpr^l Id Ihe Iwo i iilci^ecl lu its K and M of 
itif line BC wilh Ihe conic. Bui lar Ihe same rcisDn I& an ihc 
po\aiaf B. Wc biavc. Ihrn. Ihe f u nd amcnl b I ihcDrrm 

If i^re ii'iiin lies on lire fiiAar if§ u "leLiiiil. fhen the second lu:^ 
on Ihej/if/a' oflhef"^. 



100- Copjugalf puinlrf and tints- Such a pBirof [xnul!. ai? !.Bid 

la ^ecanfugale willi rc^po:! la Ihr cduic. SimilBrly, lines arcs Bid 
la be ciinjit^iiSe \o each al her *ilh rc'vpc^.l lo Ihc conic if one, and 
conscqucnlly each passes Ihraugh Ibic jiolc of I he al her. 



[5<| 




FIG . 11 
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101- CoDstrucfion of the polar line of a ^ntn poinl. Givfu a 
jioinl f. [f iL !■> ivLlhin Ihc ^.olln: |lhal i^ lI no lan^cnls niBj be 
draivn fiom P Id the conn:), wc niH>' cunslnii:! \.M jular line by 

drawing ihmugti 1 1 tny Iwa chD^d^ and joining Ihc Iwd pjinl'vor 
1 nCc rsccl nj n of Ihc Iwa pairs of linfcnis bI IhcLr ci Ire m lI i Cv. If 

Ibic pi>liil F IS oulsLdc ihc cdhh., ivc may draw Ibic Iwo lingcnl^ 
and CDHil ruc I Itic c ho rd of con lac I (Fig. 27). 



102, Self'polar Iriai^le, In Fig. 26 il is nol dlfficull lo sfc ihal 
AOC !■> 1 'ifij-i'oSiii Inanglc, Ihil I';, cicbi vcrlcx is Ihc pole of 
Ihc oppjMlcsidc For B W, 0, K arc four harmonn. poinl'v, and 
Ihcy projccl lo C in four harmonic raj's Tbic line CO. Ibicrclorc, 
mcels Ihe line AA/^ in i [uinl on Ihc [xiLirofA, being 'vepanlnl 
from A h anno n Lc ally by ihc poinls M and N Similarly. Ibic line 
CO merK KL in i jxiinl on Ihc poLar of .4. and Ihcrcforc CO is 
ihc polar of A. Similarly, OA \i I he poLirof C. and IhcEctorc is 
Ihc pole of ^C. 



103- Pole and polar projerlii'ely rehlfd. Another very 
imporlanl Ibicorcni conici dircelLy Irom Fig. 2ft 

As !' I'oinl A iiit've<^iiSi?t'g it <^niighS Sme ll^ptJu' wifh i€<^<r^t 
In a ci/nic 'evtfSi'e'i ub/aH u jixeiS j?fr'iit nnd lieicrrbts it pencil 
S'm/ffclife ft> Ihe j'timf-iow dr:5cr'b€d by A 

For. fix I he polnis L and W and Lcl Ihc polnl A move along Ibie 

hne AQ. ihen ihe jxiinl-mw A is piojeclivc lo Ihc pencil LK. and 

alncc Kmavc<i iJong ihe conic, Ihc pencil LKiy projccllic lo Ibie 

jicncil NK. which in lum is pmjccllvc lo Ihc pLunl-ro"' C which, 

ISI finally, i^ pmjeclivc lo ihc pencil OC. which is Ibic polarof ^ 
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104- Dualilj'. Wc have. Ihcn. In Ibic pole and jnlar rcliUDn 
I dci'urc £or 'vclliiig up i unc-lu-unc c j rrcv pond cue c bclwccn 
ihc pjLnIi and lines of Ihc plane — a ^.l>r^czJ"lldcIK;c whicbi may 
be cilLfd projfcllvc, becau^r lo four hamiDiiic poInQ or linrii 
corrcvpond alwBy^ four bianno nic 1 1 ncv o r jxii nIs Tacvcrj' figure 
made upaf jioinl'i »nd Lines iviLl corresjxjnd a figure made up of 
itna and fuinls. Ta i poinl-iDW of ihesfcondarder, which is a 
canic CO US idf red b^i i pol n l-loi: us . co crespands a jieucil ofrBysar 
"Ke seeoiid o rdcr, wbuch a acunlc considered bs a Line- Locus Ttic 
name 'diiBLlly' is used Id describe Itii'v 'toU or co rrCkpandencc El 
Is Imporianl Id nDle ihil Ihe duil reLilion i\ subjcci la Ihe \tinc 
excepllons i^ Ihe one- lo-one corrcsjx* ndence Ui, »nd musi nol be 
BppcBlcd lo Lnc»4c^ "'here Ihe one- In-one eo rreivfw ndencc breil;^ 
down. We have seen Ihal Ihere is in EuclidcBO geomelrj one 
ind onFy one lay in ■ pencil which hBS no point in i jcml-JDW 
perspeclLve lo ll for i corres [v nding painl, namely. Ihc line 
parallel lo Ihc hnc of ihe pLunl-ro"' \n>' Iheorem, Iherefore, 
Ihal involves en pile illy Ihe poinl bI infimly is nol lo be Iransliled 
into a Iheorem cancerning Linen Fiirlher, rn Ihc pencil Ihe angle 
bclwecn Iwo linc^ has nothing lo correspond lo il in a poinl-iDW 
perspeclne lo Ihc pencil Any lhei>rcm, Iherefore, Ihal nienllon^ 
BngLci IS nol IranslBlible into anolhcr Iheorem by means ol Ihe 
lawof diiBLlly. F^ow we hive seen Ihil Ihe nolionof Ihe infimleLy 
dislani polnlon a line involves Ihe itolion of dividing b segment 
into »nj number of equal parliv — in other woidiv, of w/tu njj j irjjr. 
If. iherefore, we call Bny lliei>rem thai he-i lo do with Ihe Line at 
inCimly or wllh Ihe meiiuremcnt of inglci a "leS'tLii! Iheorem, [tiUI 
ind in>' other kind b ii'ojecfhr: theorem, we miy pul ihe case is 
fo I lows: 

An\ pn^ecliw Shecre'ii hivolves nnother lhe<"€tn. tSuul lo it, 
t/bSuawbJt by inle'chnn^'ig everywht't fhe wtrrtii 'jurms' unii 
'ime ' 
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IDs- Self-dual Ibeorems. The iFifDrcni'i or ihi'i chini^r iviil he 
Id u nd . uj" II [!\ b mi ii ddo n. Hi be <^>f-il'ial . IhBl is no new Ibicnrcm 
icsuJls from BppLjIng Ibic process indicalcd in Ihc prccdLling 
piragnph. Il is ihcrfforc uik^lcv^ Id look foe nrw i?iviiLl& from 
itic Ihcorcm on Ibic ci rcuniic rLbcd quadrilalcril derived from 
B n anc bio n's, i^hlcbi Is iKclf cIcbfLj Ibic dual of Piscal'v Ibicorcm, 
ind in ficl WHS f i m I dL^covcred by dualizBllon of PascaJ^ 



106, ]l shnuld nol be inferred lioni Ihc Bbovc d l'vCU'JvLoii IhBl 
Dnc- ID-D ne carrc^jioiidenccs maj niil bedevLiicd llial w II L cronl ro L 
ccrlBLn of I he SD-c ailed mclricBL rela lions. A vciy ijuporlanl one 
may be CBSiLy found Ihal leaves angles unallcred The rcliUon 
called '^ii'i'iui i'y Lcavci rallo' belivccn CDrrc'jxind i ng scgmenls 
unaLlercd The above slilcinenl:^ Hprly only lo Ihc panicular 
Dnc-lD-Dnc CDJTCS [x> ndencc considered 



PROBLEMS 



I G iven ■ quidrllilFFil CDBElriicI ibe quidranf Ir [ii>lir Id il vilk 
rf^pecl \a i ^i'ed izcnii: 

1 A polnl mcvFE ilarg ■ Eiriigbl llnr Shew ibil lis polir 
liiLci vilk rEEpecL Id Iwc givci ccqice |CBrjile i pciDl-raw aF 
[fill ihe Eecond ardcr. 

3. Given five painis, dn^ Ibic jxilar of a jxiinl wilh rcsr"^.l Id 
the come paivSLng Ihmugli I hem w II bio ul driw i ng Ibic come LiseLf. 

4 Given five lines, driw ihc [vtir of a polnl wilh respecL \o 
ihe conic langenl lo Ihem, wil ho u I drawing Ihe conk ilself. 

5 Dualize problems 3 and4. 
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6 Givrn tOai yoittfi on the canic, ind Ihe langcnl il our or 
Jbirm dcau' Ihc fuLirof a given [xnnl wilhouldiawing I he conic. 
Duallzf. 

7 A jcinl mDVf& du a ccnii: ShQiv ihaC iliv polar linr wilh 
i?&[Vf J Id anolhrrcanic dfEciibOk a pencil ar raysantif j^ecDitd 
order. 

Siin^'^O'i?'!. ReplBCf Ihe given conic b^i a pitr of pniLeclivc 
pencils. 

G Show iKal ihe poleiv or ihe langenK Qf o ne cc nli: wilh rfvprcl 
Ic auDlherlif on a conic. 

9. The poliior ■ poinl A ivilh mipect Ic one conic i^ ti. and 
ihc pelf crcr wilh ccvpri:! lo b no Iher co Die eA'. Shou Ihil bs A 
travels along b linr A' also travels along another line In general, 
if A d&cnbes acurvr of degree rr, stio w I tial A ' dcic ri bcs anolticr 
i: urvf or the ^1 me degree JT. (T he degree o f a c urvc is Ihegrejiest 
number of pcinliv ihal it may hive in common wilh iJiy line in 
ihe plane ) 



103 



CHAPTER V!l - METRICAL 
PROPERTIES OF THE CONIC 
SECTIONS 



107- Diamelenf. Center. Aficr whsi has b«n ^sid \a ibic 
l^t chapter anc would nBluriLly cipccl Id gel il Ihe mclncBl 
propenic^ of Itir CDUic seel iDitv b>' Ibir ml cud ucl lan □ f Ihe Infinite 
clemeuls in ihc piane Enlcriug inlo Ihe lhfor>' of pal«i and 
jiolaPv ivnh Ihcvf cLcmcnbi "c biavc Ihc fo Llo* i ng dcfi n H lo us 

Thf [xiLarLincDf aninfiuilf lydlzlanl pjiul iiv called siiii'iiieWr. 
ind ihc [x>lc of ihc inflnilf ly disliul Line m called Ihe center, or 
ihc conic 



108- Fid m Ihc bianno ulc pro perl i Cv af jxilcs and jiolaPi, 
Tire ce/i'er b'^ecf^ aH i.l'ord'^ thnttplr /' <§ J^9l. 
Eve' y diatieSer ;'ii<^es rh'iviph ihe center 
Al! thfMiSs f!inttp!i ihe -la me s'l'rii' til br^in '!<■•< llrnl is. euchi^it 

sel '/f pu'tillel chi"iSs>ii'€ h'secleii by The drtime'er which b^ Ihe 

ptrla' oflhaS btfiitildy disianl puo/I 



] 10 CLi^'vLficilLon of conies 77 

109- Copju^le diamflers- Wi: have already dcriuoT co nj ugilf 
iLne^ a^ Lin«i which pass etch IhiDugh Ihc poLc af ihc olhcr {% 
1001 

Any diutttcici bisects uSI chiiiiSs pn'afSef It' 'ts'.i9'jiigiile. 

Tire Siiigeiils I'l fhe e*.lreiii'\ies t'j imw dai'ieSer we iiwnSieS. 
andpii'iifSe! It' She cmjiigaie lirtiiiieWr 

D/umele's pti/t/He! Sa She ^idestlf a c'rcum^crrbed pii'ii}leS<i- 
gmi" me cfijiigitie 

All thciic lhcDi?m!i arr cay tHcrcises for Ihe iiludcnl Hill 



110, Clasiricalion of conks. Coull' arc cLai^'vlfici] BcconHing 

lu Ihfic rclallon lu Ihe iiilinllcl^' ilIisIiuI line IT a conic hti Iwd 
poi iLls I n com mDU w] Ih I he 1 1 ne al inflnily, lI \sc ailed tliyjierivf a: 
■ ril has no point in common wilh Ihc lnfinilcly di'vlanl line ll 1^ 
called aaeH'pse. ifll ■>> langcnl lo Ihe line il Infinlly, ll K called 
B fill I II biiSa. 



Ill- In II h)pei!i'la She cenle' is mitside the ciiive |J lOlft, 

since Ihc Iwo langcnis lo Ihc cnivc al ihe pjinls ivticrc il meel:^ 
Ibic line ll Infinlly delcrmme by ihcir Inlcpvccllon Ihc center \4 
prcvlou'vlj no led, ihcjic Iwo lingcnK arc called \hc I'^yiiipSiMei^f 
ihc curve. The clljpac and Ibic parabnla biivc no isy m plolcs 



11^ Tire cenle' t^Shepu'iibiJii isaS infmily. and She le fore alS ils 
diuniele'^ are j'liiaSlel. far ihc pole of a langcnl line \.^ ihc jninl 
of conlBCI 

Jiie I'/cas i^She tniiidle fii'inSs afn series i?} pu ' iiUeS l Irt'rd'^ in 
a pn'ahoJa is a liiutnele/. unil ihe direct rifi of She One qf cenle' s 
is She siifne fi" nfS series iij ;ianiilei cho'ds. 
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The ^.eilirr i^nn eifipse is iviThhi Theciiive. 
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113- Theorems cciiHiiTDii^ asjmplol«- ^^'c derived 2.^ a 
[:aiecqufTicc of lite Iheorcm of EnsnchDU |£ S^| ihc pfopCkllLon 

itial ]f B Inan^Lf be ^ in: u mscn bed abnul acanlc, Ihe 1 1 ncv j oi n ing 
Ihc vcnicftv lo Ihc po Liili of CO n lac I o f Ihc o ppjM Ic iidcs all mcci 
In ■ palnl. Tike, now. for Iwo nf Ihc lingcnls Ihc asymplolci 
of a hyperbola, ind Id any Ihird langcjil cul Ihcm In A and E 
(Fig. 2S1 ]f. ihcn, O is ihc inlcracclian of Ihc bkym plDlc?i . — and 



1 14 .^&ymplDl«i Bitd CD nj ugi If iliamclci!! 79 

ihcrcfoEC rhc ccnlcr ot the curve, — Ihcn Lbic Inanglc OAE is 
c LFC u mscn bed abaul Ibic curve By Ibic Iheorcm juiiL quolcd. Ibic 
iLne Ihmugh A parfllleL lo OB. Ihe line lhn>u|h E narilLcl lo OA. 
indlhc line OF IhiDugh I he pjiul of conli^lcrihc langcnl.4fiilL 
mcci in a pomi C. Bui OACE ls b pBrallelogram. and PA = PE. 
TbcrcfDic 

The axyiij?lt?1es cat c^ tit' each langenl it segment which is 
bisecled by She pt?inl of ctit'Siu:!. 



114. If we draw i line OQ parallel lo AS. fhcn OP »ncl OQ ire 
ccnjugBlc dlamclcPv, since OQ \^ pacallel lo Ihe langeni bI Itic 
jioinl where OF meels Ihe curve Then, ivLiicc .4 F. B. and Ibic 
poinl al lnfinlly on AB irc faur harntDnic [uinK v,\i hive Itii: 
rhenrem 

C'lnjiigaSe liiameSers i?} She i'yi'€i!?ola u/t hiiimoiiu. conjii- 
gaStxwiSh 'eif/ecS ItrSht a<^y"ipSi?Sex 



115. The chaid A"B''. par*llcl lo Ihe diiraclcT OQ. i& bisecled 
II P'by ihe conjugale diameler OP If Ihe chord .^''B" mecl Ihe 
Bs>' m piD ICv in. 4', E'. Ihen A', P\ E'. and ihe poinl i1 infinlly are 
fo u r h» rmDnl^. jxiinl'v, and Ihcreforc f is Ihe m iddle jx>i nl of A 'B'. 

Therefore ^'^" = B'B~ and we have ihe Iheorem 

TJte senmenlscuS t'ffi^r airy chiHiS beSween She hype'lxiSii itttii 
r's asymp foSes a ' e equnS. 



116. This Ihi^orem furnishes a ready means of canslniclliig Ihe 
h^'pertrala b^' polnls whcji k pjlul an Ihe curve and Ihe Iwd 
isy m pin leiv »re given |ftS| 
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117- Fnr ihc ci re um^c n be d quadnlilcTil, Hninclnni''v ihcnrcm 
gBvc Ig SSf Thr: Siiies ji'minn oppoyhf verlK.es imiS ihe Utti:^ 
/'/in r/ig ifiiia'fe i'i?inl<^ i^ ci>n\iicl we fiiur Ir/ies iiieeling it' it 
poiiif. TiV-c now lor Iwo of Ihe langend Itif aivj m pl4il«i . and 
Id AB and CD be any Dihcr IvfO |Fi^ 29f. II B iiiiJ D etc 
opposilc vcrllccs, and alio A End C I bicn A C» nul BD etc parflllcL, 
End parflLlcL lo FQ. Ihc I mc jdIh i n^ Ihc pjinli of l:unlB^.^ oi AE 
ind CD. tarlhe&e itc Itirrcal Ihc Tour tinc^of Ihc Ibiforcm jitl 
quo led. The Iburlh !■> ihc line al inrLnily which joins Ihc palnlar 
cunlBCI of Ihc asymploici 1 1 is I h us seen Ihal Ihc In angles .4 EC 
and ADC arc cquivilenl. and Ihcccforc Ihc Inanglcs AOB and 
COD arc iho The langenl AB may be fixed, indihe langcnl CD 
[:ha&cn iibilrirLl^'. Ihcrcforc 



IIS EquilLDn of h>'pcrbolH referred lo ihc asymplulc^ SI 

TJtff I/iungieJo/meil by any Sunge'iS So She h<j?e'bi?Jii ihiiS She 
livo asjinp'iles in^consSanl urea. 



llS-Equalion of hj'pfrbob referred lolheasj'mploles. Dnw 
Ihniugh Ihc jioinl of CDnlacI F of Ihc iBngcnl AE Iwo Lines, one 
pHrallcl liionc asymplolc End Ihc o Ihc r parilLcl lo I he i>l her. One 
of lh«ic linci mccis OB al t dL^lancc y fiom 0. iJid Ihc oltier 
mecDi OA il a dl&lancc x fiom 0. Then, aiiicc P Ie ihc midillc 
poinl of AE. X IS one hti( o( OA ind y k£ one half of OB. The |6&| 
area of ibie parallelo^cam whitike adj ac en I sideiv are i lud l is one 
half Ihe area ol Ibie In angle AOB, »nd Iherelore, bj Ihe p^c^;c^l ing 
paragraph, is consJanI This area m equal lo 'y • sm o. *herB 
a IS Ihi: conslinl angle beluceu Ihe lEymplDles II foLlowv Ihal 
Ihc producl n' Is conslanl and since k »nd v ire Ihe ohlique 
eoo rdlu a leii ol Ihe poinl P, Ihe lEymplDles being Ihe axes of 
reference, we have 

TJre etjiiinhn i?} She hype' btiSii. lefe'reiS So She tis_'iinpti'Ses m 
(Titp i.'^xy= Lfi^Snn! 

This idcnllfiCk Ihe curve wilh Ihe hyperbola ms defined and 
discussed m WDrl:sDn analylic gcomelry. 



119. Equalion of parabola. We have defined ihe naribrtla 
as 1 conic which ■>> liiigeni lo Ihc line il infiuily H I III) Draw 
now Iwo langeiils li> Ihe curve |Fi^ JOf, meeling in A. Ihe pDinlii 
of com ac I being B en-i C Theic Iwo Langcnliv, logelher wilh Ihe 
line al infmlly, Eorm a IriangLc circumscribed aboul Ihe come. 
Draw ihrough E a parallel Id AC. and Ihmugh C a parallel loAE. 
if ihcbe meel in D. ihen AD is a diameler. LeI AD meel Ihe |QI| 
curve in P. and Ihe chord BC in Q F \s Ihen Ihe middle poinl of 
AQ AUo, Q is ihe middle poinl of Ihe chord BC. and iherefore 
ihe diimelcr AD bisecliv all c ho ids parallel lo EC. In parlicular. 
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AD pi&'kf& IhiDugh P. Itif point of canlicl of Ihc langcnL dnwn 
pBrallcl m BC 

Draw now anolhcr langcnL, mccling AB in B' and AC m C. 
Then IbiCvC lhi?c, wllbi Ihc line bI inrinily, make a c in: umiicn bed 
quadriJalcral Bui, b>' Bnanchon'^ Iheocem applied lo a quml n I a I- 
cral ti 55^ il appeaPv ihal a parallcJ lo AC Ihmugh E'. i parallel 
lo AB Ihrough C. and Ihe Line BC mccl Iti a poinl D' Alio, from 
ihcsLimlar Iri angles BE'D' tnd BAC ve have, for all po&illDii'k or 
ihc langcnl hue B'C. 

E'D'. EB' = AC AE. 
or, since B'D' = ^C', 

AC:BB'=^C AB = coitlanl 
If aiHUhcr I angcn I meel AE in E" and ACin C", wc hive 

AC BB' = AC- be: 
and by 'kUblcaclian v,e gel 

CC-\- B'B- = conilanl, 
whence 

Tire 'v^me/i's cut £^ lat unw twt} 'ai's^ii''^ I" n iiunib/iln by u 
vu/aible Hiirgen' f rre j'rrjj'ivFvviu^. 

If now wc lake Ihe langeni B'C fi axis of oidlnarcs, ind ihc 
diameler IhiDugh Ihe pninl of canlacl a^ axiii of abscis'vi'v, 
calling Ihc conrd i nalcs i>l B<x. ^t and of C(x', y'J. I hen, fnnm Ibic 
si m il ar I n angles EMD' and wc have 

y: y = BD- D'C = EB' AB'. 
Also 

y w'=B'D' . CC = AC: CC 
If now 1 1 Ine Is d raw n IhiDugh A pacillcl Id adiamelec, mecling 
the uis of □ idln ales in K. we have 

AK OQ' = AC':CC=w /. 
and 

OM AK= BE' AE'= y y'. 
and, by jnuLliplicaliDii, 

OM : OQ'=y^ /. 
or 



S3 



-/ ' 



whence 

TJtff nbsci^ns d^ Iwo pi?inl^ <xi a iia'nbt?Sa are Urrracli t"her 
as lltff •icrimres 1^ Ihe CO/ resj"''id'iig Lot'nihmrirs, u liitiiie'irrii'tii 
Ihe liiiigrn'l W Ihe ciiii^i: ill Ihe e'lretfily i?} ihe diiiiieSer heiit)- 
Ihe axes'lf TeJ€i€f'ce 

Thf \t}A «tuilLDn may be unllcn 

^=2px 

"■here 2p 'ilands for v : x'. 

The paribola i' lbl[l^ idcnlificd wuh Ihc curve of Ibic ■viinc 
n amc bl udml in I rcil UKiik on inaLylic gcomcLry. 



120- Equaton of fenlral conus referred lu fuoji^^lf diam- 
elfl& Canikldcr now i cenUui catiK. ihil r£, one nhich is nal a 

parabola End Ihcccnicr of which is Ihcrcforc al a Qnilc iiliMincc. 
Draw any fo ur I a ngcnls lo il. Iwo of which arc parallel (Fig. J If. 
Lcl Ihc parallel langcnis mcci one of Ihe other langcnlii in. 4 and 
B ind the other m C ind D. ind Id P and Q be rhc polnls or 
eonlBCI of Ibie pirallcl lingcnl'v R and ^af Ihcalhcis Then AC. 
BD.Fg, andP^all mccI in i noml L* 15 SS| From I he figure, 
fH H'g=/lf QC=PD EQ. 
or 

^F ■ B0 = fD ■ gC. [Ml 

If now ZJC IS 1 fihed langeni Bnd.4f avanable one, we have 
fioin Ihia equation 

^f ■ B2 = con^lanl 
ThI'i con&lani will be [u&illve or negative accoidlug a^i PA 
and BQ arc measured m Ihc same or in oppn^iile direellous. 
Ac CO id I ugly we wrile 

AP EQ = ± b\ 
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SJncc Af] and BC ai? pirsLlcL linfcnl'v, FQ Hi t d^Bl^e^r^ and 
the CDUjugalc diiniflcr is panlL^I la AD The middle [uinl or 
PQ E llic center or ihc canii: Wc lahf now for ihc ixb or 
ib&ei^^as ihc iHiimcler /^^. ind Ihe cunjugsle dlsmelcr for Itic 
B xis □ r □ rdlu ale< Join .4 lo ^ anil B Iti F en-i dciw i liniz Ihcaugh 
S parallel lo Ihe axis of o cd in b Icv. Thei^e Ihree linfv ill mrel in a 
poinE f^. because AP BQ. and.^G foim i Inangic e ire u miicn bed 
lo Ihe conic. Lei NS mcel PQ in W. Then, fjoin ihe propcrliei 
of Ihe circumscnbed Inangle |H 89 1, M. N. S. ind Ihe poinl bI 
inrinily on /^S ate four hBrmomc poinb., tnii Ihcreforc ^V is Ibic 
midille polnlorAf^. irihecoordinalcvof 5 aTcfi, yt.so ihal 0^ 
IS J Bnd W5 IS h, Ibicn Mf^ = yfl. Wow from Ibic similar I riBiigLc 
PMN and FQB wc have 
[JDI BQ PQ = NM FM. 

and fjDJJi Ihciimllarlrianglcv FQA and MQf^. 
AF FQ = MN MQ. 

whence, mulllplying, we have 

±b-/4 a = yf4 (n t x^a - x). 

where 



PQ 



or, simpJ irying. 



7fl'-t-^/±fc= = i. 



which ks iKc cqu B llo n of an cl I Lj>ve wtirn !/ hey t posilivesign, 
Btid of a hyperbola when b' has a negalivc sign We have Ihu' 
idcnlifled poinl-rowv of Ihe ivccond order WLlh ihc curves gi.cn 
by e(|ual Lon'k or I he scco nd degree. 
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PROBLEMS 

]. Drfr I chord cF i |Lven cddic wkicli EbiLI lie hiErclnl b^ ■ 
given pDlm /'l 

2. Sbion Ihil ill chordn of a givrn conic Ihil 3tc bi'^fcrfd b>' a 
givFU cbiocd irc Isngi'iil lo i parabola. 

3 Coniilciicl i picabalH, givrii Iwo LingcnLk wiLh Lhcir [:Dinl:i 
of conlBCI 

4. Conslrucl i parabola, given rhrec [xirnb ind ihc direclion 
of ihf djamclcia 

5. A line n' ie drawn thiaugh ihc po\c [/ of ■ ^nc rr and al 
righl anglni Id rf. The Line n rcvolvm aboul a poinl F. Shau' Ihal 
■bir line jj' IS langfnl lo b parabola |Tbir linrz df and it' ere callnl 
normil CDnjugalni 1 

6 Given 1 circle and lib cenler O. Id diaw ■ Line IhiDugh a 
givfu pDinl P paiaUfl Ic a given Line tj PiD>e thr IDllDwing 
CO njilrucliDn Lei ji be I lie [x>l»r of /*. ^ ihe pole of y, and A Ibc 
1 nler^ccl Id n Df ;i wllbi OQ Tbie polarDf .4 is Ihc desired Line. 
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CHAPTER VIII - INVOLUTION 




FIG . 31 



122 Linear CD [i?i IcucI LDn 39 

121. FuDdameDlat iKeureiu. The inijx^nanl ibforcm con- 
ccming Iwu ^.l>mplclc quadrB n^Lci |H 26V ujxin uhlcbi Ihc ihcory 
of four hannonic pcinDi vtes b asrd, c an f h&i Ly br cxlcndfd lit I tic 
caic where Ihc four Lines KL. K'L'. WW, WW do not ill mccl in 
Ibic 'viinc j"inl A and I he more general theorem Itial resuLl' maj 
bKo be made Ihe basiiv of i iheory no less ImpjrlBnl, which hts 
la da wilb six pamb on a line. The iheurem t\ is tollowa 

Civet Swi '.tm'j'lete qi'!'!h<"ig!i:<^, K, I- M. N imiS K\ L'. M'. 
N: .v. 'elaled Ihol KLxinJ KT' /fvet hi A. MN ^>'d M'N' in A\ 
KN <ind KW ]}i B. LM and LM r^ B', ZjV oaJ LW w C. onJ KM 
and K'M' m C' Ihen, ifA.A'.B, B'. and C are in a stfuigln line. 
Ihe j?f>'iif C'tilv/lies'/n ihnS si i nisi' i Sine 

The iheorem foLlowi fiam DcsirguesJi ihcnrem (Fig. il) El 
js seen Ihal KK' LL'. MM'. i\iY all nieel in a [fLnl, and Ihu^, [tj| 
from Ihc same Ihcorem, applied lo I he Irlanglei KLM and K'L'M'. 
Ihe [uinl C isan Ihe aime line wilh^ ind G'. As In The simpler 
case, il !■> ivcen Ihal Iherc is m mderinilc number af quadra n^Lcz 
which may be drawn, I wo ivldes of whKh ga Ihrou^h A and A'. 
two Ihiaugh B and B\ and ane Ihiuugh C The Einlh side mitl 
Ihen go through C" Therefore, 



12^ Two f'airx af j?o'nts. A. A' and B, E'. bemg given, Ihen 
Ihe painS C ct?rre!i;<t9'<l'ng la any ghen poini C is anitpieSy 

de'enf'bred 

The conslruclian of thl'i sixlh point is eaivlly accomplished. 
Draw IhiDuf h.4 and .4'in>' Iwo lines, andcul acioss I hem by any 
linelhrough C in Ihepomfv Ltnd f^ Join ^ In B end L lo B'. Ihu^ 
determining ihe pomfv^ and A/on ihe Iwo lines through .1 and A', 
The Line VljW determines Ihe desired paint C". M a nil e^l Ly , s l»n ing 
from C, wc come in thiiv way aiwaj's lo llie same pjinl C The 
parlKuiar quadrangle employed iii of na cansequencc Hareover, 
&lnce ane pair of apfdsile iklde!! In i complete quadrangle i' not 
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din iLugui^h able in my way TrDin any olbicr, Lbiiz 'vimir i^el dT^lx 
jcinliv will be o binned by MirlLng fium I he pairiiH' ind CC, or 
from Ihc pairs SB' and CC. 



[7J1 



123- DellDitiDn dT iDvolulion ofpoinlsnaa line. 

Ji'me I'iiiis 'if f'i'm's !?ii it I'lw ii'f ami lo he m inv!?Jiil'!?ii if 
ih'oit^h each I'ltrr iiity be iS'iiwn it piii' ilj t^(^ii:i/'e :i/iie^ t/j it 
compfele ifundraf'p^fe If Swii j?ai' ^ nre f'xed uniS litre nf She Shird 
y/ti' desc / Hie '^ Ihe line, Sheti \lte <Ahe' a!si? d esc /Hie '^ Ihe line, 
atfd lire s'l'in's afihe One me said li> be iiuired itt 'he itivSiiSititt 
delenf'bretS b\She Swnfixed pohs. 




FlC.33 
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124- Double-points in aa in>olutioii- The palub. C anil C 
dnicribc pn>|cilH[! pj im- iii "■' , »■> maj be seen bj filing Ibic 
poinl'v L End W. Tbc sc I f-CD rres po nding [:DLnl:i, of ivbilcbi Iherc 
lie IWD or iiDJic, lie cilletl Ihe t/tiiNir-pi'inIs in Ihf i nva LuIldii. 
]| Ls nol difficult Id ^ee Ihsl Ihe du ub le- [Xf lulii in Ihe involuliDn 
etc hainiomc cu nj ug b le^ uilh re^jvel Id cu iic'vpondi ng palnDi in 
ihc invDliLlion. Foi, filling is before ikc [xrlnbi L and M. lei Itic 
mlerieclian of Ihc lines CL and CM be F (Pig. 33] The liwus 
dI f IS a conic which goes Ihrough Ihc do ub Le- pj mis , because 
Ibic pj lnl- ro lis C and C ire proJe^.^lvc, md Ihercfore io are Ibic 
pencils LC and MC" which generate Ibic Idclui of F AIho, when 
C and C'faLI logelhcr. Ihe polnl /'ci>lncldes wilh Ibicm Furl bier, 
■Ke langcnbi al L and M Id Ihiii ccnic dcicnbed by F arc Itic lines 
LB End MB. For in Ihc jiencll al L Ihc rB>' LM common lo Ibic lito 
pencils whlcti generBic Ihe conic is ihe ray LS' and coircsrondi 
lo ihe ray MB of M. wbilcbi Is Ihcreforc Ihc Ibo^chI line lo ihc 
conic al M Similarly for Ibie lan^enl LS al L. LM is Ihcreforc Ibie 
pilar of B wilh respccl lo Ibiis conic, and if and B' are Ibierefore 
h armomc ci>nj ugaleji wilh reijiecl lo Ihe doublc-joinls. The same 
dibcussion applies lo any olher pair of corcesponding poInQ in 
the involulion. |T1| 



125- Deaai^ues's Iheorem coDcernii^ coaics through four 
pomts. Lel£^£>'beaiiy pai r o f poi n Is In Ihc involulloudelermined 
Hs above, and consider ihe conic passing Ihrough Ihe five [uinls 
ft'. L.M.N D We shall use Pascals iheorcm lo show Ihal Ihls 
conic also passes lhn>ugh D' The poinl D' is dclennincd as 
follows: Fii L and M as before |Fig 34) and join D lo L. giving 
on M!^ ihe [x>ml !^'. Join f^' lo B. giving on LK Ihe polnl K'. 
Then Af ^' delcrm mes ihe poinl D'on the line ^ A', given by ihc 
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complete quadrBngLc K'. L. M. f^'. Consider ihc Fnllowing six 

jxiinls, numbering I hem in order D = S . D' = 2. M = ^ N = 4 K 
= 5. andi =6. \V e h ave Ibic fo Llowi ng Inlcpvcclions B =02S5). 
K' = i2S-56'l. f^' = t34-6 1 y. ind since by coitlruclion B. A', and 
K' ere an a i^lrHighl Line, il fDlLawji from Ihc converse of Fiscal'' 

Ibicarem, which is easily esliblished. Ihal Ihc :ii\ pninls ire on a 
conic We have, Ibicn, Ibic beaulifiil Ibicorem due lii [Jcsirgues 

Jiie iyiSe'" i^ci?iii<.^ ihrtKiE^ij'Mi' I'oiitl^ tttteS-, any I'lit in iht 
plane rn pain'^s'i'rn's it' 'liviifitSitm. 



VS\ 



126- Il ipjieaPv also Ibiil ihe sii jxiinis in involulion iilclermi ncd 
by Ihc quidrangle Ihiuugh Ihe four fixed piinis belong bIiiO Io 
the ikamc Involution wilh Ihc juinls cul oul b>' Ihc syslem or 
comes, IS Indeed we mighl Infer Tiom Ihc fact Ihal ihe ihrcc 
pairs of opposile sides or Ihe quadrangle miy be considered is 
degcnerale comes of Ihe sj'slem 
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127- Conies Ihrough four points luuching a givfn line, li l:^ 
lurlbicr cvnlcnl IhiL I he i nvu Lul ii>n ulclci ml ncd on a line bj Ibic 
ayslaa ar conies will hivf a dDublr-pai n I whci? b canli: of I he 
aysCcm Uv Imgcnl lo I he line Wemaj Ihercfiirc i nfrrlhe Ibieorem 

beii'Rwii rcrrrgfur li? uny g'ven line. 



1 2S- Double coirapondence. We ha>f \ccu. ihHicDjre!.pon(llng 
pjinli [n kn ] nvu Lul ion fonn l"o pjDjccllve [winl-rowi Jiupcr- 
pcBHl Du ihe aime ^Inighl \\.nc Two projective painl-row^ 
superpojied an ihesameslrBighl line are. howevcT. no I necci^ar- 
iLy In I nvo lul [OH b4 b si m pie cx» m pie "'iLI 'how. Take Iwo lines, 
a and a', which bolh revolve iboul i IlxchI pjinl S md which bL- 
wijs make I he same angle wUh each ol her {Fig. 35] These hncs 
cul Dul on any line in Ihe plane which di>es nol pass through S 
li*o projective [xj inl- ro "i , which arc nol however, In invoLuUon 
unlckS Ihe angle between the lines is b n^hl ingles For b point 
P miy CDTre!i[Q[id Id a point P'. which In turn will corcespond 
la EDinc Diher painl than P. The pec^i^anly of poinl-rows m Rhl 
involiilLon IS thil any point will corcespond lo the same [uluI. in 
whKhcvecpoinl-row il Is considered as belonging In I his case, if 
B poinl P CO rrcs ponds to i point P'. then the point f corrc'pondi 
back Bgaln lo the [XJinl P The fuinls P and P' are then siid to 
CO' resj?tniil dmibSy This nol ion a won h y □ f furlhec b tudy. 



1 29- SteJDf r's conalrucllim. It will beobi^erved that thesoliilion 

□I Ihe rundBmeiilil problem given m % S3, G'ven Sh'ee fiau^ 
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if l^i'/nl^ I'flwi' s/r/Jte^-i'tv pi'/nl-nrwi, ttr cim^lmct "lire' pttu^. 
canuDl be earned out lI Ihc liio poinl-iows \\c on Ihc 'vimf 
AliBighllint OrcDui<kf Ihc mf I hod may bccBsily allrred lo 1:0 vfr 
ihalcaiic alMi, bul ll is u'oclh wbiilc lo give mo Ibie r so Lul 10 n o f I bic 
pro b I cm , 111 uc lo Slcincr, '^hlcti uiLl bIso give furl bicr Info rm »l ldii 
rcganJmg Ihc lhcor> ol 1 nviil u Hon , and *hich may, indeed, be 
used ts k found alio n foilhal ihcory. Lcl Ihc Iwo pc 1 nl-rows ^ , G, 
CD. ... ind A', E\ C. D\ ... be bupcrio^cd on Ihc line jj ProjccI 
Ibem balh lo 1 polnl S and pass iny eonie a Ihrough S. We Ihu^ 
[T7| oblain IWD pipjcelivc pencil'., fr, h.c. il. and u', b'.c'.d'. ... it 

S. '^hkti mccl ihc conic In ihc polnB n.^, }', fi, ... Bndo', ^'. y'.£', 
... fFig. 36). Tate now y as I be ccnierof 1 pencil piojcclin^ I be 
poinlivA' fj'.S' , and lake y' as Ihc cenlcrafi pencil pioJcclLng 

Ibe poinliv *, ^, 5 These Iwd pencils arc projcclive lo CBch 

Dlhcr, and ivlnce ihcy hive 1 acFr-co rcesps ndl n ray in common, 
ihcy are in perypeclivc nosillon and correspond 1 ng riys mccl 
on ihc line joining, fyo'. y'n^ lo ly^'. y'^} The eo rrcspa ndcncc 
bclwccn painis in Ihc Iwo polnl- rows or 11 is nowci&ily Iraccd. 



130. ApplicalioD of Slfiner^s fDiutrtKlioii to double cor- 
r£SpDndence. SlLNiicr''. ^ortslmclion Ihroh^'v inio our bandi. an 
imporlanl Ihcorcm concerning double eo rrcspLi ndcnce: If Swti 
pn^eclife point- rovi's, .11111 erf "'^ed <"' '^^ snme !bte. have one 
j?a'' of p'/b/ls which cnespo'iii lo end' oihirriiiRtbfy, iheir it!S 
l?a'' ^ cin 'esf'miS loench "Iher doiihii, iinii the !b'e h I'nired ir/ 
'livofiiSitm. To mike IhK appear. Id us call Ibe pjlnl A on 11 by 
Iwo names, A and P'. according is il K Ihoughl of is belonging 
lo ihc one or lo ihe olhcr ol ihe Iwo pjinl-rowi If ihis [XJinl i-i 
one of a pair whKh corrcvportd lo each olhcr doubl>'. Ihcn Ibe 
poinl'i.4' artd F miisl coirtcidc (Pi^ il}. Take now any pjinl C. 
which we will ibio call A'. Wcmusl&how ihal I he corrcs fu nd ing 
poinl C mu&l BbiO colnctilc wllh ihe polnl B. Join all ihc poinls 



95 



lu S By bcfurf , ind ]l apjieais Ihil ihe pain Is ir and It' co i ncidr, 
IS bIsii do I he pjLnIi nv'lt Bnd fp'. By Ihc tbo'-r conslnn. Iio n Ibic 
line y'p law^I meel f^'on Ihe I Lne jo lui ng T )W ' y'o-) wich^yi', y'n). 
Bui Ihe^e four fuinl:^ fnnn a quiilrangle inscribed in ihe come, 
and *e kno* by ^ 95 ihal Ihe langenis bI Ihe i>pj"slle verliccs [mi 
y and y' mcel on Ihe line v The line y'p is ihiis b langeni Id 
Ihe came, and C and R are ihe zimc pjlnl Thai Iwa pujeelivc 
fcinl-iDWk &i]jtetpD!ied on ihf i^Bine line are also in invcLulian 
when nnepair tnd ihetcfore all pB i is, co rrcspand daubl>' maj be 
shawn by I b king S iloni! verlex of b complcle quadrangle which 
has IWD pii rs ar D ppasile ^ides go I ng Ihiough Iwa pal[&ar[mnl&. 
The dell I k wr leave la ihesludenl. 



131- InvoluliuD uf poinlrf UD a piiinl'rou oFlKe second order. 

Il Ie iinfxf clinl lo nolc also, m Sif incr''v conslnii: lion. Ihal we have 
oblaincd Iwa pjliil-ro"i of Ihe iieeand cider ■vuperpo'ed on Ibic 
simf canK, and tia>e piitrd Ihe palnls ar one wllti Itic pDinlii 
of ihe clher in ivuch b wiy ihal ihe coirc^poinlence is double. 
We Jiiiy rhen fMfnd Ihe nallon or involulian Ic poinl-iows ar 
ihc i^eeond oniler ind say ihal fhe jyiinSs "fa ciirrc </ re paired in 
'livtJitliim iiJrtii fheyii'eci'i'espoiiiSing iii'O'ls tf§ Iwj ii'Ojecfive |J*| 
pifiiil-rtiws vtf'e/i'i'^et! im lire cfiic. ain! whet lhe\ i.-t/ri€<^<iinfi 
la each tlher iS'Mihly. Wilh ihis derimllon we may ptove ihc 
'hcorem: Hie /ifreiji'/nurp <.t'rr€<^<iind''ifi p!?iiil<^ i?f ii poml-niw 
t'j ihe ^etuniio'de' or iitvi-iSiilain ti!l im:i^ 'hi'ii)^ tif/Ked ii'iril U. 
and Ihe ! are j"it'''ig any Swii p"inl^ A, B ineeSs ihe ! are jiiifrng Ihe 
Iwa ciTiesii'mdo'g pt}iiif<^ A'. E' in rlrepi/inl^ifa Oneu. Wiicft is 
Ihe pffu' i?fU wilh 'especl lo Ihe conic. For like A and j4' ie Jhc 
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crnTcis of Iwo pcn^.ll^ Ibic Qpvl pcrsjieclivc lo ihc [XJinl-nn"' A'. 
B'. Cand Ibicscconul [^ispecllvc li> Ihc pjinl-ru"' A. E, C Then, 
&liu:c ihc [:amman ray of ihc Iwa pcnclln carrc^juudii lo il^cLr, 
Ihcy Bfc in pcPvpc^.llvc piivlUoii, and I heir aviiv of jiet^ reel ivi ly jj 
|Flg 35] [■> ihc line "■ h ich jiil ni Ihc [uluI <AB', A' Bill ihc jxiinl 
fAC. A'Cl J I !■> I hen Im mcul i ilcly ^.lca^, from Ihc Ibicorj' of iy:i[e-i 
ind [lolais, ihal EB' and CC pas^i IhiDugh Ihc pale U of Ihc line 



132, Involulion of rays. The whole ihcory ihuiv far developed 

may bo dualized and a ihcory af lincv in ini'olulion mi^' be bull I 
up. ilarlin^ ivilh Ibic complclcquidriLilcrBL. Thui, 

77re 'Irree imin oj mys which mt/y be dnl^v1' j'xrm a j?tr'it 
Ih'ou^h i!ii^ Ihi'^i: I'liirs 1^ if'i^o^'le vertices i^a c'Jtni'lele quad' i- 
lufera! are <^i!i lo he in itHi'tJiiT'O'i. If liie iMiii \ ir it ' tintl bb' aie 
fixeiS, and ihe Sme c <lest'i!i:<^ a j<r:'icil. She c" resj?!?iiilin)- line c' 
a!si' d^^scribes a petci!. and She rays i/f She i'encr! are sard h? iie 
patted bt She tnvilitSitm deletmhied b\ na' ami bb' 



I33r Double rays. Tfie ■icJf-CDjm.nondLng ny^. of which 
Ibicrc are Iwo or none, arc called diKihfe lus-- of Ihc invoLulion. 
C o rrcsfti nd Lng vky\ of Ihc involulion are biinnonic conjugalc^ 
wilbi rc^peol lo Ihc double rays To Ihc Iheorcm of Dniarguci 
I It I25i whieh has Id do wilh Ehe sy&lem of conie'v lhn>ugh fnur 
[iDinl'v ive have ihc dual: 

Jite Hitnenlsfiiim a jixed ptfint Sim sys'eti ofcnics fangenf 
1/1 /cm r fixed Sbtesjir'm a pencil t^ tayi in invsilusifitt. 
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134- ir 3 conLi: or Ihe s^'sli:!!! sbiuuld ^'i Ibicuugh Ihe fixed jx^ml, 
]| IS elf Bc Ihal Ihc lun lingcnl^ u'ould ccjiucidiz lud ludicBlr a 
doubJc ray of Ihc [nvolulion The theorem, Ibicreforc, folLows 

Ty\^ cinici i?rfitit'e may be drawn Sh'ixtgh u fixed pom! lii be 
luiiget'l f<ijt?ii' j'ued lines 



135- Doubb CDrre^ondfDce- li liiiLhi^r a|ipi:3[?. ihii iwo 

prujccllve pencils of r»>i uhioh have Lhi: same cenlcr arc in 
involulLon \.f rwo pain^ of ri}'& ODTreapcnd lo each other doufaty. 
FiDm Ihis ll K clear Ibiil wc mlghl have deemed ^i* raj"; in 
] nvolulion as s i x ri>':i u hich pass I bico ugh a polulind also Ibiiough 
sli jxiinis in in>olullon While Ihii would hive been enllreLy 
In iccon] wilh I he Irealmcnl which was given Ihe corres po nd ing 
problem In Ihe Iheory ol hannonie [XJinli and line il \.^ more 
s» liivfic lory, from an aeivlhcllc poinl of vie"' In build Ihe Iheory 
of Lines m i nvolulion on Hi own base The s lude n I e an ivbiow, by 
methods enlirely analogous Id Ihoi^e used in ihe second ctiipler, 
Ihal involullon \.^ i projeclive properly, Ibiil K, six rays in 
1 nvolulion areeul by iny Irin'vcr'BL In 'i* [uinls in mvolulion pil| 



136- Pencibf of rayrf of Ibf secuod order in iavululion. We 
may alio exlertd Itie nolion of involulion lo pencils of lays of 
Ihe second Dider. Thus, fhe litn^eiils Wii '.imk are in arviiS'iltiin 
when ilieyiiie c'/i/esf^iiitSb'p 'iiyii^fyvt'ii'!?fetfheiief't-'l<^i?} Ihe 
setfnd irrder vj?e'i'!?^eiS ii;<iit' She ^a"'e ti*rrt, uniS wiren ihew 
corresj'tmd Ur ench Ofhe' ditibSy. We have Ihen Ihe iheorcm: 



137- The if'le'Sffi.li'/ns of cot resj/fidm); rays <^ a penciS of 
She leconit i"dei in mvolfSion are alS at' a <^lmighS line a. 
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aitd Ike inle' ieclin'i I'fimy Twi' lo'igenl^ itb, whet ji/inet! lo Ihe 
'iiter<^i^\i!?n'lfth€f'"resp!?ndingliiiigift'lsii'h\ g/ve^^lS'/le^^'l''c^t 

la the conic. 



iJS- Involulionofra^^s delerniined by a conk. Wc have seen 

in Ihc Ihmrj ol piile^ and pjLbi\ I^ 103) Ihil II a [XJinl F muvcz 
sLong 1 line ni. Ibifn Ihc jularuf F rcvalvsi sboLiI a [ulnl This 
jicncil cubv uul on m analhcr jioinl-row P'. projccllvc t\so lo 
F Since llic [x>l»r of F pisic ihroiigh P'. ihc paLjr of P' alia 
jiBy-ic-i Ih rough P.'o IhBl Ihc co rrc'vpi>iMlcnc c bclwccn P end Pi' 
double The l"'o piii n l-n>i''^ »ic IhcrcCorc in [nvolullon. and Ihc 
double jmnliv. If an> eiiH, »rc Ihc pjinli where Ihc Lincr/j niccl' 
ihc conic. A&imiJirlnvoLulicnaf lays miy be found al iny jtoinl 
in Ihc pLinc, co ncvpondi ng rayv piivSLng each Ihraugh Ihc jiolc 
of Ihcolhcr Wc have called such piiinis and rty^ Lifjunu/e v^nh 
re!i[vn Id Ihc ^onk {% lUU) Wc may Ihcji nialc Ihc follcu'ing 
imporlanl Ihcorcm 



\39.AconKiS€li:i-'ii'ii€<^fitieve'ylinei}i ilxpfunean myiAittitfii'J 

[■3 points, curre '^"/nd r/ig poinla or Ihe iitvi/liil/on bein^ cfijugalt 

with respecl III the c!?ii'<. Tlie double pti'ifs. if iin\ ex'si. ujt Ihe 
ptriiifs where f he line metis Ihe cimic. 



140- The dull iheorcm reads: A c<inic detef'ines ii\ eveiypi'mf 
rii lire pln'ie itir iiivtrliif'im I'f rays, ci'/re^piird/nn ju_ht being 
cofiffgale wilh resj/eel Iif Ihe eottrc The iS'xitde rays, rj tiny exist, 
are She luiiget'lsj'i?"! She pomt li? ^e conic. 
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PROBLEMS 

]. Twc Imr^ iff dia^D ihrDDgh i pciDl dd i cdbI^ &d i& ilwiyE 
In mike ri|bl lalLrs ^llb ncli Dlkrc. Sbaw Lliil Ibe linrs jDLrin| 
■lie poiilE ^b^TE Ibe^ mtcl ikt ^dbI^ 'liln iJI pasi llircLi|b ■ 
II) rd [iDlnl 

2 Tbd ImfE If? dri^D lliFDJ|b ■ Eiied pornl dd i gddI^ ec 
IE itwi^E Id mike rquiL iigle^ wilh rb? Iingrnl iLlliil pa ml. 
Ska A ikal Ihr linei jaininf ikr Lbd pciDlE wkrre ikr llne& mrel 
Ihe conic iFain ill pais IbcDJgb i Fited paml 

] rDurLinridi'LdelkrplinrmKi icecliiiiiiumlierof re|iDDE 
Drlerm inr toi eii:b re|iDD wkrlkrrlivD izquice DrroDC ma^ he 
driwD ■□ pisE lliraii|k pomlE dC iI and iLed to be liDgenl Id ihc 
Id or liDFE. 

4 ]f I viniblr quidraagie laave in EUizh i ivi^ is alwi^s Ic 
remain luEccibed id i fiiLed cddk, while Ibrec nf lis sideE I urn 
neb 11(1 iind one dI [bier llied CDllineir pDlnli rben Ibe iDuilk 
A ill alio I urn araurd i fouilli Ciied pairl (alliDeic w lib ikr Diher 
Ihrer. 

5 Slile ird prove Ibe dual aF pro hlem 4. 

b Bilend prDblrm 4 is IoIIdbi IF a uiiabJr pol^gan of in 
evea njmhercFsidfE move iD&ucb a »a^ is ilajyi Id remain 
inEEJihed in illcEdEDDic, while illil&Eide&bulone pa&s lhrou|k 
IE ■ iix liied GDllineir pDlnU. Eben Ibe JaEl Eide will iIed pasE 
ill roil I k I lliLcd pDlnl coltlncij ^llk ihe Dihers |>ll| 

7 ITb Ininf If QRS be iiticnbfd in a conic , urtd ifa Irin^vcmBl 
A'mcel Iw4i □! ilivsidci \aA and A'. I tic ihird ivldc mil Ihe laugcnl 
El Ihc oproiilc vcrlcx In B Bnd B'. End Ibic cnmc ilicLf m C artd 
C. ihcnAA'.BE'. CC arc Ihrec pairs of poinli in an InvoLulion. 

S. Use Ihc Iei^I cxci^-Kc Id solve Ihc problem: Given five 
poinliv, Q. B. S. C. C. on a conic, lo ulraiv ihe langcnl il tny one 
of Ibicm 

?. Slilc ind pjDvc Ihe duit of praDlcm 7 artd uec iI «> piavc 
ihc du E I af pjDb lem 8 
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10. ir E mn&vciiiaL cuI luo liugcnl'v lo a conic in B and B'. 
ihclrchon] of con lie I in. 4 and Ihc ci>iik ilscif in F end P'. I hen 
ihc point A I& 1 dDubJf pQinlarihc invalullon dele rmlned by EB' 
iihE FP. 

] [ Slilc ind prove I he dual ar problem 10 

12 If 1 V amble come piss Ihiuugh luo given polnls. F and 
P', and if 1 1 be langenl lo Iwo given lliie!i. Ihe i: tio rd ar co n lii: I i>r 
ihese IWD langenls will alwiyv pai* I biro ugh a rixenl jioinliin FP'. 

12. Use Ihc last Ibieorem lo iolve Ihc pii>blem Given four 
poinU, P. P\ Q. S, on a conic, md Ibie langeni al one of I hem, Q. 
lodraw I he langeni al anyone of Ihe o Itier ju i nliv, S. 

14. Apply Ihelheorem of problem 9 lo Ihe case of a hyperbola 
where Ihe Iwo langenbi »re ihe as>' m plo ICv. Show in ihis way 
Ihal If 1 hyperbola and il:^ aikymploleii be cul by a In n^veis a I, 
ihe 'vegmenl' inlercepled by Ihe curve ind by Ihc asymplolei 
respeclLvely hive Ihe same middle jxiinl 

1^ In 1 Iriangle circumscribed aboul a conic, any 'iide 1^ 
divided harmonieally by lis [uinl of conlacl ind Ihe poinl where 
il meelik Ihe chord Joining Ihe jcinls of conlael of ihc olher Iwo 
sides 
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142 FundBmcntBl mclncil Ihrorcm 10^ 

141. InlrDduclion of inHaile poial; cenlfr of involulion. 

Wccpnnccl I he pruJc^.^lvc Ihcoiy ol iiivuLulion "'ilh Ihc mclriciiL, 
BTi Ll^u3l, by the i nlrDil uc lio n or Jtir cLcmfubi al lufinEl}' In an 
] nvu lul Lon of poinDi an a linf ihc polnl which cd rcfv ponds lo 
Itif inrinilcLy dislsnl pcinl l^k cilLed ihc t'-"i'-i nf Ihc i nvu Lul ion. 
Since corrczjiond I ng jioinl'v in Ihc lnvolulicm hBvc been ihpwn 
la be hannonkc congugalcs wilh cckpccl lo ihc double juinls, ihc 
i:cnlcrl& midway between Ihc double pjiulii uhen lhe>' exliil To 
conMnicI Iheccnicr |Fig J9| wc drB"' as usual IbiruughA and .4' 
Huy Iwo cayv andoul I hem by b Iiui! panllel lo A-L' in Ibie pDinl^ 
K and M. Join Ihcic joinli lo B »nd B'. Ibius dclcnn lui ng on AK 
ind^^lhe itoinLk L and N LN jncels AA' m the cenler oTlhc 
Involiilion. rs^l 



142. PuDdumenlal nielriial Iheorfm. From itic figure wc 

ice Ihil Ihc Iriiii^lcv OUS' and FLM arc ■vlmilar, F being ihc 
jnlcr^cclionofKM and LN Also Ihc Iri angles A"/'iV and BOiV arc 
similar. Vtc Ihuii have 

OB FK = ON FN 
and 

OB' PM= OL FL: 
ivhcnec 

OE-OB- FK-FM = ON-OL FN • FL. 
I n I he n Bine way . Ttdih ihe si mi I ar In anglcii CALand FKL. and 
hLso OA'/^aiidPM/J, we obtain 

OA-OA' FK-FM = ON-OL FN • FL. 
and IhK, wilh Ihc preceding, gives al once Ihe f u nd amcnl al 
■heorem, which is &Dineli[nc& laken al&o ks Ihe dcfinillDJi or 
Involulion 

OA- 0A'= OB • OB'^conslam, 
OF, in woidiv. 
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77re I'/xiditcl i^ Ihe db^ancex frotn She cenle' Si' Sw/ corre- 
.•^"it'il'iig poinSs bj an mvoltisiott c^ poiifSs is cons'aitS. 



143, EiKistencf of double poinls. CLcariy. icconling ts ihc 
[:aimin1 is posilivf or nrgilivc 'he invDlullitn will oi will nul 
h I vc ilIo u b Ic puLnIi The co nil lanl !■> I he Hqu b rc ronlof I bic nl iMincc 
from Ibic ccnicr Id Ihc double pLiLnl^. [f A and A' lie bulh on Ibic 
same aide of the ceuler, Ihc pioidiicL OA - OA' n po&illvc, and ir 
ihcy lie on Qp[Q&ile aidc^, il is negalive. TBke Itie caive where 
iKey bolh lie on Ihe ivame side ar Ihe ccnier, and like alivD Ihe pBir 
of corresftindln^ jninl'vBB'. Then,iincc OA - OA' = OE-OB'.M 
cannDl hippen Ibial E and E' tre ivcpBraled from each Diher by A 
and A'. Thin \s cvldeni enough II Ihe poinls arc on opposite sidrs 
of ihc eenler [f ihe paiPv btc on ihc ■viinc inle of Ihe cenler, 
and B lies belwecn .4 and A'. ivD Ihil OB is grealer, say, ihan 
OA. bur Jesn Ihin OA'. Ihcn. by ihe equalion OA ■ 0.4' = OB ■ 
OB', wc miEl have OB' ilso lesii Ihan OA' and grcalcr Ihiu OA. 
A similir discussion mB>' be mBnlc for Ihe case where A and A' 
lie on oppni^ile i^ides of The resulls may be slalcd bs fallows, 
wllhoul any reference lo Ihc cenlcr 

G'ven Swn pairs oj poinSs m ni invtyliif'im oj poinSs. ^ She 
i'i'iiil<^ ''J ii"e I'iiii lire ^eiiwaSed frfn each o'lrer hy She j't>'iifs nj 
she tishei piiir, shen She b'V'iS'tSi"n i'a<^ nil diKih^e j't>'iil<^. If she 
j'ffiii r *■ L^ title ;<iiir are niiS se;<iii u leiSfni" etic If I'Sher by She i^oinl^ 
c^ the i?fher fiau . Sheir She r/iviliiSiiM' has Svi^i' tlmble p'lbrSs. 



144- An cnlirely similHrcnIenDn decides whclhcr an involulion 
of rays has or has nol double rayi, or whelher tn invoLulion of 
plan« has OF has nol double planes. 



145. Ca Eia IruclLDU of m invoJirlion by mcaibi □ T c i rclfiv 
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14S- ConalruclioD of an in>otuliDn bj' mf am of circles. The 

equal lan juil derived. OA • OA' = OE • OB', imllcalev anoltifr 
ivimpic way in whiebi points ar an InvoLulion of fcnnlii miy br 
CO nMnic led Thinugh .4 and A' draw any ^.Ln:le, and draw also 
my CLFcle IhiDugh Bind B'locul Ihcfirsl in ihc Iwo jioinl'v ij and 
C (Fig. 40). Then any ciiric ihrougb G ii\*t C will niecl I he line 
in pairs nf jxiinis in I he mvnliillon dclcrmincd by AA' and BE'. 
Far I £ such a circle mcels Ihc Line in Ihc pain Is CC Ihcn, by Ibc 
Ibeorcni i n1 be geometry u £ 1 be ^. Ire Le which says ihal ifunxcl'i'ni 
is draw?/ Shiiiigh it fixed p"inl wllhin a cucSe. fhr: pifditcf iifils 
se^fen's is '.ii"<^t"ii in wi'ttleve' dhecSiiit' ihc d't'rd h drawn, 
a'ld if a htfuiir l'n<: he d'iiwiifrotn iifi\€d j?t''iil wrlh'/iH </ cirde, 
Ihe frfdiit r i?} ih€ <^tiinl aid ils €iti:ina! fegtnefl b^ cmsSitnl in 
w!n/iir\"^i di'€cSit9i ihe secani One rs d'aivn. wc have OC • OC 
= OC ■ OG' = conslinl So ihal for all such poinl'v OA - OA' 
= OE ■ OB' = OC ■ OC Funber, Ihc line CC mecK .4rt 'mlbc 
cenlcrof Ihe invniullon To find Ihc double jmnliv, if ibcy ciisl, 
we draw a langeni Tiom m any of Ihe cirrles lb rough GG'. Lcl 
The ihe poini of con lie I. Then lay off on Ihe Line OA a line OF 



131] 
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equal lo OT Then, since by Ihe iboic Ibicorem of eLcmciilary 
geomelry OA - OA' = OT^ = OF' . ^e biave one niauble [winl F. 
The olhei Ie al in rqual dl'vlsnce du Ihe alher zidc of O. ThiE 
simple and elfcclive mclhod of co nM rucl i ng Bn Imolulion of 
jioinl'v IS oflen iBkcn as ihe bBsiJi for Ibic Ibicory of invoLulion. In 
projccllve ^comclrj', hoi^cver, ihc circle, i^hkbi K nol a figure 
ihal rem 1 ins unBllercd b> project ion, and iiv es.'ienli all y b mclncaL 
notion, oughl nol lo be used lo build up Ihe purely piojec live pa n 
of ihe theory. 



146-lloughl In bemenlioned Ihil ihe theory of analylicgeomelry 
indicales Ihal Ihe circle is i special conK 'vecllon Ihal happen'^ 
m pas'i Ihniugh l»'o pBillcuLar imiginiry poinls nn ihe line al 
infmity, called Ihe circaSa' j?i?'iH<^ and usually denolenl by / and 
J. The above m el hod of oblaining a poinl-iow m involulion i^, 
then, nolhing bul a special case ol Ihe general Ihenrem of Ihe 
lasl chiplcr (^ 125), whKh assertenl Ihal i syslcm of conici 
ihiDugh four poinl£ will cul tny line in Ihe plane in a jtoinl-rDW 
in mvnlulion. 
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147, Pairs m an inioluliuD uf raj'wKich art al r^Kl angles. 
Circular iDVolulion. in an Luvolulion or tay\ Ihcrf n no one ray 
uhich may be dl^kl i nguliihed fiom all Ihc Dihcis fi ihf poinl al 
infLuily IS dlivl I ngul'vhf 111 rii>m ill olbirr [uluIs on b linr Tbicrc 1^ 
one pair of rayi. however, which docs differ I rom all Ihc others 
In Ihil for IbiK parlicular piic Ihe angle is a ngbil ingle. Thi'i n 
moM easily sbio "■ n by u^ing I he co nMrucI [an Ibiil employ? c ire Lei, 
as indicBled ibove The cenlcPv of ill Ihe circles I h rough C and 
ij' lie on Ihe pcrpendicularbiseclor of ihc line GG' Lei I his line 
mcel Ihe Line AA' in Ihe poinl C (Fig. 41^, and draw Ihc ciicic 
with ccnici C which gaa ihrough G and 17'. The circle culi 
Dul two ppinbi W and M' in Ihc involulLon The rayv GM and 
GM' are elearLy il righl ingles, being ini^cnhcd in a i^e m le i iclc. 
If. ihercforc, Ihc invDlulion of fuinU is ptojeclcd Id G. ive hive 
Tonnd Iwo eo ncspundi ng rays whieh are il righl ingLei Id each 
Dihcr. Given now any involulLDn of raj"; wilh cenlcr G. "c may 
eul Bcio.'iii II b>' a iklrBLghl Line ind proceed lo find Ihe Iwo [uinls 
M and M' Clearly iherc will be only ane such pair iirrLess Jhc 
perpendicular h Lsec lor of CCcDincidejvWilh ihe line .1 A' Ln Ihii 
case every ray is il righl angles Id i Is cdttcs [o nd ing riy, and ihe 
involulLon is called cin'ihi'. 



14S. Aves of conies. Al ihe cIoec of ihe lasl chapter |g I40> 
wc gave Ihe iheorem: A conic deli^nnines nS every painl in its 
j?}iiiieiin i:iviJiiI/"'i i?} rays, ci?' Te^?t9'!}'iig nrys bemgcMijiigaSe \^\ 
wi'lf i€sii€cS "I lire cimic. The dimble /ityy. if any eKitl. ore iht 
itingei'is friMf Ihe ji'/rtl So She ctmK. In pirlLculir, laking Ihe 
poinl IE ihe ccnEei of Ihe conic, wc find IhilcDnjugilcdiameleis 
foim a syslem of rays in invo^uPon, of which the asymplolei. 
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ir iFifrc ate iny. atr Ihc double rty^ AI^d. conjugale dlamclers 
etc biannonic conjugiles wllbi rc^[xn lo Ihc asymplolcs. By Ibic 
ihcorcm of ihc \bsI paragriph. Ihcrc arc Iwo cdhj ugalc dl amclc rs 
which irc il cIghL auglcv Id cicholhcr Thciif srccallcd snnv In 
Ihc cajic of Ihc paribola where Ihc ccnLcr i' il LnfinLly. and on 
Ihc curve. Ihcrc »rc, properlj' spciking, no conjugBic dlamclen. 
Whdc ihc line hI lufinily mighl be considered B^k conjugBle lo ill 
ihcaEhcrdiamclci&.il is no I possible lo assign lo 1 1 an> parliciilar 
djrccllon. tnd so il c»nnol be used for Ihc piirpi>sc of defining 
an HIS or a pBcabola. There is one dlBincler, however, which 
m al righl angles Id Us conjugalc 'kyslem of chon]^, and lhl& one 
m cilled Ihc iixis of ihc pBcabola. The circle bIso Tunii^hcs an 
cxccpllon in Ihal every d i b m c ler Is an »ms The lnvoliilion in Ihls 
case I'i circular cicry ny being il righl angles la Us conjiigile 
ray al Ihe ceiilcr. 



149- Poinls al uhicK Ihe iDvolulion delermined bj' a conk 
is circularn ]l is an impiirlanl probiem lo di^ovcr ivhclhcr Tor 
any conic olhcr Ihan Ihc circle il is jcssible lo find any jx>inl in 
the plane where Ihc involullon iLlclecmi ncd ti above by ihc conic 
is circular. We shall proceed to Ihc cunoiu pmbleni at proving 
Iheexislcnccoriiiich juinls aitdordelerminiiig Iheir number aitd 
sllualion. We shall IheudeLcloplhc impoclanl pcoperlieiiorsuch 
[iDinls. 



iSG. 1 1 E clear, m ihc fiisl plice, ihal siich i polnl canuol be on 
ihe oul'lde of Ihc conic else ihe involiillon would have double 
rayii audsu^h raysivould havelo be al righl ingles lo Ihcmsckcs. 
In ihc second place, if Iwo iuch fuinl^k cmsI, ihe line joining 
ihcm musl be a diamclcr and, indeed, an tms Foe \f F and F' 
were Iwo such poinU, then, since the conjugilc riy al f Eo the 



J5I Pd^IIldu of ^ucK 3 jx>][il 
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hncff muM be al ngbil mglcv li> il biuI al'vi>^incc Ibic co nj ug Jlc 
ray bI F' Ii> Ibic line FF' m.ti^\ be bI righl angles In W. Ihc pole 
of FF' muM be al inflnily in ■ cEirecLJon il right lugleik lo FF'. 
Ttie Hue ^F' K Ihf n i diBmfleT, aiid since ll i& al right Bngle^ Id 
lis CDUjugale diBiiif ler, il mui^l be in biis Fidih lhl< il fcjlluu'^k 
bKo Ihal Ihe poinis we » re seeking mu'l all lie on one of I he lwi> 
t\c&. e\sc weshauld have adiamelrc which does not go lhn>ugh 
ihe inlcrscclionof »IL bxcs — Ihecenlcrof Ihe conic. Al lei&lcnc 
ixis, therefore, latiA be free fnini any buch points 
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ISl, Lfl no I* F be B [XJinl on one of the axci (Fig. 421- anddnw 
Boy ray Ibirough H.such is q .\s q rcvDlvc abaul P. lis pole Q 
movfi Blong B Line bI right BngLes la ihc ixm on wkich F \\.c'&. 
describing a [x>[iH-ro* ;i projeclivc Id ihe jiencit of rays q. The 
jQinl il inflnily In b ulirecllon al right angles lo i^ alivD descn bcv a 
j"inl-mw pnnjccllic lo 14. The Line joining corre^ [x> nd ing poinl' 
of Ihe^e IWD poinl-rou'v is alABy?i a conjugate line lo q and bI 
n^bil angles Id si. or, as we nii>' call il. 1 '.iitrjitgufe niimai} lo q. 
TbiCiC cpnjugale normils lo i^, joining as Ihey do corres [x> nd ing 
foinli in Iwo projcclivc [XJinl-rowv, lorm b pencil of rays of Ibie 
HH second onHer. Eul since Ihe pjinl il liifinil>' on ihe jx>inl-JDW Q 

CO iTC'vpand'i lo Itie polnl bI inflnily in a drreclion at nghl bii^ Les 
lo ij. Ihese polnl-raws are in peiypeclive jxiivllioii and Ihe nonnaL 
conjugBles of all Ihe lineik Iticough /' mcel in a piilnl. This jninl 
heEon Iheiviiiie ahis WLlh F. as is i^een b>' lahlng 1^1 1 nghl aiigLe' 
lo ihe axis on which P lies. The center of ihis jicncll may be 
called F'. md iha^ we have piircd Ihc [xjIhI P "'ilh Ihc pi>liil P'. 
3y moving Ihc polnl P along Ihe »ms. md by keeping Ihc raj 
q puallcl lo I fixed direclion, we may 'ice Ihal Ihc jx>inl-row F 
ind ihc polnl-raw P' are piDjccllvc Alio Ihe corrcspiindcncc Is 
double, »nd by ■vlarllng fmin Ibic pi>lnlF' wc arrive il Ihc pain I F. 
Therefore Ihc pulnl-rows F and F' arc in invoLuliDn, and if only 
the invDlulLon has double fuinU, we \hk\\ have found in Ihem 
ihc pDinlik we are ikeekliig Foe i1 is clear Ihal ihe nys Ihraugh 
P »nd ihe co rrespij ndl ng r»y^ Ihiough F' »re conjugate normals, 
and If F and P' coincide we 'hall ha>e a poinl "'here all riyi 
arc U nghl Hnglc^k lo iheir conjugalcs. We 'vhill now i^ho^ Ihal 
ihe involudon ihus oblained on one of Ihe Iwo lies musi hive 
double poinb. 



153 Di&cavfTy of Ihr foci of ihf canic 
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152- DBCoverj' of Ihe Ibci of Ihe cunic. Wc know rhai on 
one axis m such pninls bs wc art ikfckLng can he ti ]50>. The 
mvolulian of jxmils FF' nn ihii axi^ can Ibicrcforc have no 
double jioinl'v Never! hcLcv, Icl FF' and RR' be livo pairs of 
CO rrcvpondi ng jxj I nliv o n Iht'> axis (Fig. 43|. Then we know Ihal f 
incLf" I re sepiraLed from eicbi other by R and R' {i 143) Draw a 
circle nn FP' ti b diimclcr, and one on RR' t:^ b diimeler. These 
muM l^lc^se^.^ in Iwo pnlnDi. F and F'. md sirtce ihe cenler of 
Ihe CDnic [■> Ihe cenler of ihe involullon FF'. FR'. as l^k casiLy 
&een, il follows Ihal F and F' are on Ihe other axis of Itie conic. 
Moreover, FR and FR' are conjugale nonnal rjys, since RFR' is 
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|[|^cclbed in b scmiclrcLc. and ihf Iwo rByn go one ihrough ff and 
Ibic c" bicr I biro ugh R'. Tbic mvoLuliDn dI fuinl^ FF'. R!f' Ibicrcfarc 
[irojci:l£ [D ihc Iwd points F ind F' in Iwd pencils of rays m 
InvaLulLon wbiich have for co rrc^pxj ml mg raj'i conjugaLc normal' 
lo rhcconk ^c may, Ihcn.My: 

Ji'e'e iii€ rwo ii'iii 'miy ivvi/ fiiiiSs of the plane where Ihe 
'liviilitlitHi iSeleiTiiiiieil b\ Ihe conic is circalar. These two i'i?inli 
!ie on one i^ Ihe a\e'^, al eiftia! di^iince'^ f'XHn Ihe ceirlei. on Ihe 
rnshle iif rife c'/nic. The fe fifrrnls ate calied Nie joci of Ihe conic. 



153. The circle and the parabola. The ibovccltficiufiion applie:^ 
only lo LJicccnlral conies, apirl Tiqih Ihc circle In I he circle Ibic 
livo focL Till logclhcr al ihc ce nicr. In Ihe case of Ihc parabola, 
iKal pan of Ihc Invcsllgalion whKh provcv Ihc CMivlcncc of Iwo 
focL on one of Ihc axci wllL nol hoLd, i^ wc have bul one bus 1 1 
IS seen, however, Ihil is F moves lo Lnfi nily . c a rrymg Ihc llncy 
wllti il, ti bccomCk Ihc line al lnfinlly, which for Ihe paraboli k 
a langcnl line. lis pole Q \\ lhii?i al inflnily and also Ihe polnl P'. 
■vo Ibial F and F' fall logclhcr il infinily, and ihcrcforcoiie focus 
of Ibie parabola \.\ al infinily. There micl Ihcreforc be »nolhcr, iio 
ihal 

A iiiiiiibola has one and only one fociif^ in fhe jinile I'liU t^ Ihe 
plane 



154- Focal propeiiiev of conks. We i«neecd lo iHcvclop some 
Ibieorcms whKh ^'ill cxbiLbil Ihc i m porl ance of I hesc polnls in Ibie 
I tieory of Ihe conic seel ion. Draw a langenl lo Ihc conic, and alivo 
ihe normil al Ihe [xiinl orconlBCI P. These Iwo lines ire clearly 
conjugalc no rm a Ip. The Iwo point T ind W, ihercfore, where I hey 



155. Cascot thf pa ratal: 
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nifcl Ihc inis whi^h canlBln.'^ The foci, irc cu rrfspoudi n^ pDinlii 
in Ihe I nvcj lul LDU considrred abavr . and trc IhcrcFoi? hacmnuic 
c J nj ug B Ic4 'tllbi rcvpccl lo Ihc fnci |Flg 441- iinl if it join Ihcni 
li Ihe pjinl F v,e sbiall oblBin Tour hirmunli: Ilucti EuI Iwn i>r 
ihrm arc i1 righL BngLizs lu r ach olhr r. ind so Ihc olhcrs make 
equal angles "'ilh I hem iPjoblcm 4, CbiiplcrllV Tbicrcforc 

77re litres ji?iii org it ii'ibrl iii l!ie cjnrc S<i fht J!?c-i tnuke eijiiiiS 
an^fr^s wish lire la"geii\ 

ll follows IhHl rays fcom a source of light al one focm iic 
rcClecled by tn cLIiphf lo Ihe olbifT. 



IflJI 



155. In ihc CI1C nf I he pan bo I » where one of ihc loci musl he 
considered lo be bI infinily in Ibie JirccliDU or Ihe diimclcr wc 
have 
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A iSiai"r:i€r nuiti."^ 'Ire ^a/fi: afgle wiSh Ihe li'igefl I'l il^ 
eX/remr'y ids /fjuf luii^tfl iS'M'<^ w'lh ihe i'lt jrutn r/a pi/iiti o^ 



156. This Li&l ihafrfm is Ihe btiK fat the ca rbilnic lion of ibc 
pirabiilic rcflcclor. \ r»>' of I [ghl Irom I he foe it i^ rcfleclcd f ro m 
ikUch B rrflf clor In adlreclian piiBllel la Ihc Bhl^of ihr rrflfclor. 



157- Direclrih. Priocipal axis. Verleii. The j«larof ibic focui 

with lespFCI m Ibc conic lj^ called Ihe ilht-Llnx. The bxiiv which 
com Bins Ihe foci is calleil Ibir jTori jr'^r' u < rs, Bud Ihc i nieiiiecl ii>n 
of Ihe axK "'ilh Ihe curve \'. CBlled Ibic ve'lex ol Ihe curve The 
dirfclrix Lk al righl Busies lo Ihe pnnclpal axi^. In a parabola 
ihc vcilex IS equally dl&lanl fiDin ihc facus aiiid Ihc direclcix, 
ihcBC ihree polnis ■nd Ihe [xunl il Infincl}' on the axis being 
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four biannonLC exjIhIs In Ibic cLlipMr Ibic vcrlci [■> nearer li> Ibic 
fo^us Ihiu ]l ■>> lo Ibic dlreclnx, lor Ibic same cchsou. and In Ibic 
h^'t^rirala il l^k fi rlbie r Troni Ibic Fdcus ihan il i^ riDin Ibie dl reel nx. 
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15S- Another deflailion uf a conicr L^i ^ be any palm on iFir 
dircclrix Ihmu^h "'hii-'h a line is ulraivn mccling Iheconic in Ibic 
[iDiiLls A and B fPig. 4^1 Lcl ihc langfnls at A and B mefl in 
T. and call ihc focu'i F. Then TF ind FF are cunjugalc lincv, 
and as ihey paiii Ihmugh i fttcu^ ihey muM be al righl angLcs 
lo eicbi olher Lei 7F mecl AB in C Then P. A. C. E arc four 
hiniLDnic poinliv. PmjccI ihe^e four fuinlK jiaraJJcl Id TF upon 
the direcliiit, ind wf then gel Ihe four hannDiiK [xiinl& F. M. 
Q. N. Since, now, 7FP is i ngbil angle, Ibic ingleiv MFQ and 
NFQ arc equal, a.', wcIL i^ Ihe angles AFC and BFC Tbicreforc 
Ihc iriangLes MAF tnd NFB are similar, and FA : FM = FB : 
flW. Dropping pi^rjiend Ic uL» rs .4.4 and BB'upon I he d Lrec In » , Ihls 
becomes FA AA' = FE BE' We liavc rhus Ihc pro pen y often 
lahen as Ihedcflnilionora conii: 

The ralio c^ fhe d'^Suice^ frt?i" u point tin Ihe conic lo Ihe 
foaijuinii Ihe direclra i<ietit'tl!"il 




FlC.47 



159 Ecccnlncily 



119 



159- EccenlricKj'. By lating Ihc poim bI Ihc vcncxofl he conic, 
v,e nile IhiL Ihis raliu [>> le^^ Ibian uuily lor Ihe cLliphf, f rcilrr 
ihan unily for Ihe h^'perbala, mil cquiJ Ed unily for Ihe parabola. 
This nliD i& calif id ^t\c eccenU icily. 
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160- Sum or dilTf reoce of IbcaLdBtiiu'fs. The ellipse and ihc 
h}'[vrtolB havclwo foci iTid Iwo dircclricc. Thcccccjilncily, of 

caunic, Lk Ihc a h mc foi o nc focus ts tor I he □ ihcr, n i ncc Ihc curve 
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isiymmclncBL "'ilh rc'jiecl lo bolbi [f Ibicdiilancni fjDin t point p6| 
Dn 3 conic li> Ibic l"'o £oci arc / and r'. End Ihc dliklancni from 
ihc^amc painl Id I he co rrcspj ndlug nl irci: Iricc^ trcil and d' iFtg. 
47).aehB\e r: d= i' iJ'.(r± ''} (d ± rf'>. In lhcclllj>.c M ♦ 
d'tK CDitvlinl, being Ibic diMancc between llie direcl nce^ In ihc 
hynerbola Ihii diMancc Iz Id- il'}. Il foLlovFiv lFi|. 45j Ibiil 

In Ihe eUip^e ihe sail 1^ Ihe f<fC!i} iSistaf'ctf^ I?} uiiw iiiio'S im lh€ 
curve is ci/tfXIaf'I. and in Ihe i'yiierb/Aii fhe iti^erence bt^lween 
Ihe ft?c-iii distances iscotrOairl. 



PROBLEMS 

I.CDD^lJucllkr iii&aEa pi riboli, given CDi]rliiigenl& 

2 Glvei l»D ranjBgile tiriEE il Ji|bl iii|lrE To eich olbrr, ind 

lei ill em men ihr iii^ w hirb bis ro Idci »■ rl ]■ Ibe pcmlE ^ and 

?. The circle an j4S isdiamcEec wiLI paiiS ikiDugh iKc fact of the 

came 

3. Given ihc axes of a conic in po'vllian, and bKo i Laugenl 

with It polnl of CDUIacI, lo co nMrucI I he foci and delermlne I tic 

Icnglh of ihe axe 

4 Given Ihe lan^cnl al Ihe vertex of a pirabola, and Iwo olher 
langenDi, Id find Ihc focui^. 

5 The Locu&af ihc center of a circle louchiug Iwo given circles 
IS a come wilh Ihc ccnlcrv of ihc given circles lor il' foci. 

6 Given Ihc HIS of a parabola and a laugenl, ullh lis pjinlor 
1^71 canlBCI, lo find Ihe focus 

7. The lociE of ihc center of i cirrle which louchci a given 
hne and i given circle co nsisis o f Iwo pHrabolas 

S Lcl f and f 'be ihc fnci of an cLli[?iC, md F any jioinl on il. 
Praduce FF lo G. mating FG cquaL lo FF'. Find ihe locus of C 

9. If the poinE Got t ciicle be lolded o > er upon a poinl F.Ihe 
cici&es will ill be langcnt to i cank . If /^ is wilhjn Ihc curie, the 
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izonLi: will be in clll[«f , if/" Lk wilhoul Ihc circle, Ihe came will 
be 3 hypcrbolH 

IOl If ihc fdliil!! G in ihf IhM cxampLf be lahru on a Mcii^bil 
line. Ihe Iccu'k a b panboli 

L L Flunl Ihe fuel and Ibic Icnglh oT ihc pnnclpaL bw^ i>f Ibic 
canLCE in problcmivy inul 1(1 

12. In problem 10 t conr^pondcnue i&sfl up between ulni^bil 
lines mil pl^^bDla^ Aiv Ihrre i^ b fnurfold i nflu i ly af pan bo I is in 
Ibic piBnc, indanlj' b IwofoLd infinHy olslr»if.bH lincv, Ihc re mitl 
be liDiiie reivlricliDn on ihe parabolas obliincd by Ihl^ mclhod. 
Find and ei plain lh]!i re?ilrii:llon 

L.' Slile »nd explaLn Ibie ivIinLlar pioblem fpr problem 9. 

L4 Tbic laivl four pipblemiv bic b ^Ludy of Ibic consequences 
of Ihe foLlowing Iransformallon A p-iinl is fixed In Ihe plane. 
Then "o any jio I nl /* IS m ade lo CO rrcspond I bic 1 1 nc f aingbil an^Lcz 
la OF lud blsfcling ll In Ihis coires fxf ndence, whil happens » 
S' ivbicn F mi>vc4 along i slraigbil Line? Whal coircsponds lo Ibic 
Ibieorem Ihal I wo lines have only one jx>ml in camman? Whil Id 
ihe Itieorem Ihal ihe angle sum of a Inangle is Iwo iighl angles'' 
Elc. 
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161- AocitDl rfsultf. The Ihcory of ■vjnlhclic projcclivc 

geu[iii;lr> Bs h^c biavc builL ll up in Iha couise a IcvS Ihsii a 
[:cnlLiiy aid. This is ml lo Eiy Ihil miny af ihc Iheorcms 

Bnd principLcz involved were nol discovered much CBrllcr, bul 
isolalcd I bimrcms da nol mate a Ibicory. any more Ihsn i pile of 
bnebv m ahiz'i b building T he m aleri b Is To r our b u ild i ng h b if bef n 
CO nln b iilcd by m b n y d iffercnl workm en from lhedi}'& of Euclkd 
down lo Ihc pre&enl ll me. Thus, ihe lui Ijo n o r To uc tianno nic pDinl'i 
W1& rBmlliir lo Ihe ancicnl:^, who considered il from Ihc mcliical 
juinl ol view as Ihc divKlitn ol a line Lnlcmilly and cxIerniJI^ 
in ihc same ralia Ihc invaluliDn oT bw [xiinl's cul oul fay any 



Tbc iDHhiE i^cncni noLnhB \rl ln>ll/^'/l01't 'a'io k^kH inrliuJcilk; hjimnak 
niBi 11 d ipcLul LJ.'[ w.ti jIui lnLMi n 4i Ike inckVi Wlijk w/c Wt<i n\r\ 
Aiund ll ■ccckkaij la mjLc use \rl Ibc jnha mii? n ic nlnh In tiuLJiIja)^ up luc 
tkcDi^, ■! B M> Eici|U[i]ll] mcL wlb m iicjiikct ••m ^^••m<\r) •lui m^idc jciolihI 
of V ibiulJ he )^iv<i] 

C LMikhJcj an} Thkic pDinli. i.H.C.D.vmi line jnil jdjb Ikcm l\r amf firiit i 
nul ID IkiL line Th(D Lh[ Irianf ici ASE Gi'l A SD C5B, hjvinf jII ih( ubc 
jllludc J IE iHh licb i^Lhcr js LhcLrhjm \liu ijh.[ Lhc jiej dT jd] Ljijii|^Ic li 
LM][ ball I lie p:<hilifi.l ul JB/ 4^Hh Hhl ll' suJ(s hj I Ik ubc dTiIk jn^ic incLidcil 
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IranHvcisi I "'hich mlcryccls ihcsidcof b com picic quid nlBLcraL 
H^ ■vludiciJ by Pippii'-, bul Ihcsc nolionji were no I made I he 



djIFicuk It ikow rhnr Ik in 'jkKi aiu 



□ ;I/q;I-c l/H-i-i (-1 - ll/c.c/ffl - I) 



Tk prDoicilkB t Icai la Ike uudrH 

HA.B.C.D nn Aiiic bajm LMm. pi^jHi |i<[ Fl£ Q.p ^??^. jnd j qujiljiJilcnl 
Kf VjV Li <D nMiudcJ Huh I kal KL^^MS pia Ibfuigk fl , XS inil SJii Mwuugh 
C , lA' lb:<iu)^k fl. tp\i f^H IhiDU^ h i> Ihca. p:<hpLiiiif 4 E, C D Imm £ iipun 
Klii.'c }|JI( r^^^TDj =ti^Ohil>l IV ben C lmHc ml [hciIiob l>I FTM h iI k LiV 
Bu, p ii>|[[i mg JgJin I be painli ^, f? Al, D tsum N back upDD Ik hue AS.w, 
kM-i'i.ti:Ot^D} = ICBAD\ FroBlbd '-[ hivr 



a = a/1c - I), 



i/ibinzi n = Uow II = 2 Bil U b cat} Ic ice Ikal ii = II imfl\cs Ikal l^o iE 
Ike lour f\tiwt% LiLncLiJ( Foe Iniur karmoniL pujVi i h( n lun . i h( s\<. vjhict iE 
Ike anhjiBiriLC nl>n leilmc Nh Ihicc hjiikL] ? — jnil -] InckJcnIal]/ '•i scz 
Ikal il jn ml c r( lij n^ ( ufjnr l^i' pDinIs laan jnha mii? n ic laiiu ilod xil i.lijn£«. 
■« viljr,lhrB |J][ loLirpujHi arc karmuDit 
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FIC.{fH5 49 



FDUudBlian for >ny gcnfial lhfDr>' Tikcn by Ihemsclvea. ihfy 
ate of Kinall co n&a|Lif ncc; ll Ie ihcii rrlalian Id olhe c IheorcmE 
End \ea of Iheorfm:^ Ihsl give. Ihcm Ibicir imporlancc Tbic 
ancicnl'v were daubllcvs familiar wllbi Ihc Ihcurfm. Tw/ linn^ 
de'enf'bfe u lymS, imiS Uvt' p!?iitT<^ deiennbre u Sme. bul Ibicj 
hid no gJlin[*ic oi the wojidcrful Law ofduilil}', of which Ihls 
Ihcorem a- a simple eximpLe The pnnclpic of projecliun, by 
which many prnjierlle^ of Ihc cdhk scclloni may be Lnferrol 
from eorrcijioiiiJ I ng pro perl lcs of Ihc ciiric ivhich fiinn^ I he baiic 
of ihc i:anc Tnim which ihcy irc cul — a principle ho nalural 
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Mj^r I li(HhiE nit ul pnij«llv< gcnmcir/ awe luctmcll} ^Jlcil im kudi iE 
n abajm LMm. rjiiiM Tku.^lic .«j4ijrii[iNji nVrn v/ iBf, faw elf fitivjJt iif itfo'in 
•I rguui Jii l^c irthttiimtti n/l'a iij \hi t f^f-ipfi'diisg jf"' rl'r'iitis\^ nr .n| 
Jo'iK p'ojrcl'veii 'irli/tir/l I" 'I IJ'ir trtkitrttiitti mU" "j I'st 'iist^ jfwsit/ my 
Jaw Jiiir/I /^•^i^ll on tt ^vn'c In u vtii'iibl'r j>j\hiititnl ~ii Dlr 'iiii'c jt --i'i'ilirs\. 
The lotui iiT ^SNrri_/rirtTr <vli'cti Jau' p^'iili "i tipltne irie strri' iiioi'/^/vfr 'iajs 
aj cin^liB'l iriliii'inn/iii "ilw iri/in/iii I'sfvu/k P'fjhur iivtMli Ac Icjic ih^c 
4k[DmD] Id r Ike iiLiikai ^ bh mi' a.l"\ _|iuiil] 'Ik lH»llom inj; inluLnhB ul 4 Ik 
pmbiciii Oi \'r\' tS'^trt yaiil\ ti'd u ci'Um' ia?l?i/Kn"i?'c nV"' Jii ll/i/l iij"i"ll' 
pa<is\ uliitJ' liii/'l iii/'ir i\'l's Vrij /^ iirrJ I'sfetr \hi fJiir iMthiAn/tiittL iiiliti. Lcl I, 
JI,I> bctk Ihrcc pIvcB pajHi 4Flj 49^ Daany tDaicniciu line llin)U)^k ^ lih. 
two pnloit B julI ^ luck Lhji AS'SAD' n ci|iul id Ike )^lv<i] jnhamiDnic niki 
]djb ilS J hi [J/] Jhl 1(1 Ike I^Hh Imct ■<[! ■□ S Dia^ Lhrauj^b 5 j parjlkl Lu 
Afl' Tbd lij][ ■ ill men j4 Jl in Ike Kguiiud paiH C 



■ CD flS M BSil>.ISir . CS . DS=imCSD lin flSJf . ■.rnCSD 



flD . CS ASi. D5r\» ASD- CS • E5r\i\C3B nm AS D- snCSti 



Ni^ IIk IncLnhB HhB 4 Ik rif U ^hkiIJ Ik uh-hjupcil jl jbuoiI dI ih( piinli 
A &. C. li v/< iNduIlI ijI[ jh} nih(c ^nvw piinLk 1 . ^' C, FJ' 'rlif "" '"> 
abtr liDE tuLllof dciiHi Sfl. SB. SC 5D. \a «lKr ivanh, Oie J'uc'ioi vi Ihr 
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Id mDilcrii m alhcmi iLi: I lu^ — 'kfcm'k nol Id havf occurred li> itif 
[IDQI Greeks Tbicelli[?ie, IhehjperboLi and I he pB ralml a "cre lu Iheni 

cnllrcly diiTerenI curves. 1o be 4rcilcd 'vepacalcly uilh melhoil:^ 
ippm pri ale lo ri^bi Thu^ Ihc rocuik o f Ihe cLl i phf was d Lscoverrd 
'kOmc five biurtilred yeti\ beForc I he focus of I he parabala' [l ■ti' 
HDI nil 1522 Ihil Vcmcr of rJurnbcrg uinJerlook lo d cimi nslrilc 
ihc prnjicrlies o f Ihc conic scclLons by mems of I he c i rclc. 



162, Unifjinc principles. In Ihe early yeii& of iFie sevenleenlh 
LenlLiiy — Ihal "'oiulerlii] epoch in Ihe hiMo ry o f Ihc world uhich 
produced a GaliLeo. t Kepler, i Tycho Brahe, a tJcvCBrle', a 
De&icgiLes, t Pi&caJ. a CavaJien, i Willie, b Fermal, a Huygeus, 
B Bbcou, b Nipier, ind i goodly amy of Ics'ver li^hl'v. Id say 
nolhLng ol b RcmbrarMll or of a Shakespeare — Iherc began lo 
appear cerlaln unifying principLei connccUng ihc greal ma^ii 
or malcriBl dug duI by Ihe ancicnl:^. Thus, in I6D4 ihc greal 



I't/' 'i wiillr'irtl II M^MT if Pie fi'<is\s A , 3, C, S> u\r iir/ili/i'nl >>< /!•• fl'sirrjfiir 
p^wil^ /"rupin li'i'T lo Jilrirr 'g»\n,l\K FiatlLan ud Ike kEl n line hj Bi^cd lFiobc 
L^lkcrpi^jH V.1WC lak(B mUcjd \tl S In hi(Ikj ^unlt /f'lr I'm liui iiir Jilr I'/^'l ri 
"i'iillr''rtl 'I iif "Tji'iicr llii law Ijipci S4, Sfl, SC, SfJ >>< ib'\ "ll'S' J'ii" hin 
peiipnliye Jii Iheit Tbc liailua ak Ike IcB b talkd ihr mhumiyili. rvrJTD ci 
Ike Fuur pi^jHi 4 , 4. C, 0; Ike FiadiDn id ih( rif hi b « jIIccI ihc tBs'stifnnisit 
'uliv DJ ih( iHKir Unci 34 , 5B SC SU 7 be jakamiDniL rain a! Iniur pi^jHi ii 
iLMD [l ■■<] w iHlc m |AB CD "i. ii • kil 



AB . CD 

= 1.1 Jfr D| 

AD.CB ' ' 

II v/< lak( Ike pDinIi ■□ JiElciEnL Dnkj Lhc vnhic iE Ike jakirmi^nic lalju 

' ill [I'll nctciurjl] IE m J in Lhc sjiai Tkc 1^ c ruL- l')urLljlF<iE ■ ivj^iHhlii nlinf 

Ikcm IVLJ] K'l^ [i(c )^lv< nul iDHhn 4 km s\<. liilFcit V yiKict lHhrih( anhjriDHhBh 
nlLD iHhr bv ^rlinji nui ih( InLlnhBi nhnh ilclmc iIkb v-c «jd Ijhl Ikal 

Pjppiit Zvl Ji h( IIIJ4 Lcac CHhlkcltnnci vIl I?Q 

J. Vcrnc ri, LiKlkL^ Hipci y|£LnL<di»hu rlcBcnl b 117 n ic l« cic 15 ZZ 
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Hulnmomcc K^plfr i hIidilI uc r il Ihe nolion ihal panlLcl linr^ 
should be conikLdcrfd 3?i [neclm^ il iii Lufinilc ilislancc, snd Ihal 
I panbali a al once ihc limlliug calif of an ellipse and of a 
h}'[vrtola He iliio allcibuleiv H> ihc pirabala a 'blind IDcu&~ 
icaecusfocusf ■! infinil^' on Ihc axis. 



103. DfSiriiUfS. In L639 Dcsaiguc^,^ an airhilml of Lynm, 
published a lilllir Iccilise on Ihe conic seclions. In whi^h appears 
ihe iheorcm upon whkti vie have founded Ihe Iheory of four 
harniDnic [vinlii C% 25|. [Jesargue^. however, does nol make |]0I 
use of II Tor Ihil purpose Four hacmonic poinls are for turn a 
&peclil cise or s\\ [uinls in invDlullon when Iwd af Ihe Ihrec 
pain [:Dincide giving double palnd His devclopmeni of Itic 
iheory of Involulion is also diffcreni fmm Ibic purely geomelric 
one rthich we have adoplcd, »nd is based on Ihe Ibicorem {% 142) 
ihallhe produci of ihedislinccsof l"oconjug»le polnls fnjm Ibic 
[:en1er IS conslanl. He also proveiv ihe projecllic l:blarB^.ler nl an 
1 nvo lul ion of poi n Is by sho^^ing Ihil "'hen six Lines pass ltin>ugh 
a [uinl artd Ihrough iiit [XfinK in involulion. Itien any Irin&versaL 
musl meel Ihem in six [uinls wtilcti are also in involution. 



164- Poles nod pohrs. In Ihi- llllle Iccilise is t\so combined 
Ibic Ibicory ol pities »nd [xjIbis Tbic polar Line i^ cilLcd a 
I'iiverstii} The hiimonk pnnrerlics ol pi>les and polars arc 



Kc^kr. All VlcllLoncFD pinlipnnKnj qLiihiik J.n4 EthXhB u c pji\ ipiiLj 
(ndUuj lEiCU 

D<ur]||j<k B luillo n- p :<hp[l d un( Jilcinic aii( <h cncBcHi Jet lEncciiru 
iIUb cube ji[< Lin pbn '\bi'> FlIIclI Jhl jBilr'cil b} PDUilia IHf-l 

Tbc IciB 'pHhk vias rim laimducccl in Abi t(u< m ^kh}i vii luvc uklI 
I m IHhh ti] J Fich.h malhcmjiicuB oiibclI Scriuii (G[I)^bb[ Aiistiin 
dtr^ Mtill'trimtilitiu'ri, I. L17> Jhl Ihc ci cicipi nd inj; lum 'pHhlaT ti] Ihc cdUiM, 
Gci^DBBC nElbaiimc juunij 1 1 bice }cji\ falcr. 
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given, bul Dcvirgucf seems nol Id have Brnvenl al Ihc mclncal 
pro[«rlics "'hich resuH when Ihe infinile elemenDv of ihe plBnc 
■ic 1 iHjdiH uc cd Th[l^ h.cyBy^."V^henH\cIinversul \s hI in Infinile 
distance, ill is un i m B^in b b I e. " 



165- Deaai^ues's Iheorem coKiemi^ foaics through foar 
Jioillls. Vi/c 1 1 nil in Ihi^ lillle Ih>d>: ihe beiulLfiiJ Ibiearem ooncem- 
Ing ■ quadnlilenl Inscribed in i conic secllon. wtilebi K given 
by his name in J L3S. The iheorem [>> nol given In lenns i>r 

B ivyslem of conies ihnnugh four jxiinliv, for Desaigues biid no 
[Um concepllon of any iiuch syvlem. He slales Ibic ihearem. In cffecl, 

Bs fOllowji ijjvt/r ti ^'mpfe ijiiad' HiiSem! risc/ibed m a canrc 
section, eve'y Uaisverftil ineeSs She ci?iii<. uirif ihe J<iar ^idtx of 
She iptadrilule' al iii six f/obtSs whicit are in i'lvtAuSitv' 



166. ExIeioioD of Ibf Ibeor^v of poles aod polara lu spacf. 

As an il I uMnl idh i>f bus ccm arhi b Ic pou'CPvofgcneralii'iliDn, we 
may nole Ihal Oesargues extended Ihe nolionof [xiFes ind [ulirs 
lo space nf Ihree dl menslo ns for Ihc sphere and for cerlBin olhcr 
'vurfBccs of Ihe second degree Thl'i is i mailer ivhich has nol 
been louched on in Ihis booh, bul ihe nolian is nol difflcull Id 
grasp If we driA ihcough any pLilnl P in space b line lo cul 
B sphere in Iwd [XJinls, A and S. and ihen conslnicl Ihc lourlh 
harmonic af P wllh rcspecl lo A and E. ihe Ldcu^ oI Ihis fourth 
hHrinDnic, tor vanau'v lineiv Ihiongh /*, is a plane called \\\ciiiAar 
plane of F wilh re&[V4:1 H> ihe sphere Wllh Ihis deflnillon and 
ihearem one can easily find dual relallons belueen poinls and 
plane-k in space analagDii'v Id Ihose belwcen poinls and lines in 
I plane. Oc^irgues closes hLk discussion of IhK mailer uilh 
ihc rcmiri:, 'Similu prcpcrlics may be found for IhoHe olher 
solids which are relalcd lo ihe sphere m ihe same way thai Ihc 



■ 67 Dea Brgucv^ mclliDi] of dfiicribing i canli: 17? 

conic neclian i^ lo I he circle." 1 1 should nol be inferred Tiom rhl^ 
reniBrk, ha^e\er. Ibiil bic *bs acquamlcd wllbi ill Ibic diffcrenl 
vancllea of sucfBcea of the secDnd order The aucicnbi were wcIL 
HcquBinled i^llbi I he surfaces ohialned by revolving sn ell][VieDr 
B pirabolB iboLiI in axi^ Even Ihe h^perbolaid of luo i^heel'i, 
Dblained b>' revoking Ihe hyjicrbolB iboul iliv major »ms w»4 
known to Ihem, bul probably no I Ihe hyperbaloid oTone ikheel, 
which results from revolving h h>'perbola abQUI Itie Diher axis |Hh3| 
All ihe o Iher ivol idsof Ihe ivcco nd degree we re probabl>' unkuitwn 
unlil Iheir dLkCovery by Euler ' 



lff7. Desargue^ had no conceiHion of the conic secllon of the 

locui of Lnlersec lion of co iTdportdl ng ny^ of Iwo projeclive 
pencils of rayv lie seenui Id have Ined Id describe Ihe curve by 
meHns of i piir of compasses, moving one leg back and foclh 
along B siralghl line Instead of holding il fixed as in drawing a 
circle lie does nol illempi lo define Ihe l»w of Ihe moicmeni 
necesikir}' lo oblam a conic by ihis means 



IDS- Rereplion of DeaarcDes^s HOrk. Sirange lo say, Desar- 
gues's immorlaL work "'as heaped wilh Ihe moivl vioienl abuse 
ind held up lo ridicule and scorn' "Incredible enoisl Enormous 
mLivlBkcs »nd families' Really il is impossible for anyone ivho Is 
familiar wllh Ihe science concerning ivhlchhe wKhcs lo relail his 
Ihoughls, lo keep fn>in Liughing'" Such were I he commenliv of 
reviewers indcitlics. Nor were his delri^loiH allogelher ignoranl 
and nn I ns Iruc led men In spile of Ihe devolion ol his pupils artd 
in spile of Ihe id m Ira lion and Inendivhlpof men like OeHcarlcs, 



Eukr, Inlmduclui la jnal^iin ■□(■□UL^nim \ p pradii . ca p. V. I74B. 
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Fcrmjl, Mcjicnnc, Biid Robcrval. hliv book dlivapr^irar mj com- 
j^flcly IhBl Iwc cculucLfs allcr Ihe dilf cC iK pubLl^alian, u'hrn 
ihc French goiniclfc Cha&lc^ iviolf hiE hlslory of geoinolr^, 
ihrrc WBJ^ m mciJiE of «^ll m al i ng Ibif value of ihc work done b> 
DciBrgucs Six jcais LiLcr, however, in 1545, Cbiaivle^ found a 
inanu'vcripl ^o[i> ol Ihe "B mil la n-piD]ec1," madf by DeivaigueE'E 
lUHl pupiL Dcia Hire. 



169- CoDsrvalum in Deargues's time, li a noi neecuary 
la 'kUppo^c Ihil ihis efTacemenl of Dciirgueiv^ warh for Iwo 
[:cnlucies was due la itie savage allac ks a T h is c nl icik. All I his was 
in Bccordance wilh Ihe faihion of ihe lime »nd ih> mm ccBp'cd 
biller denunciilLDn who Bllemplnl Id impcovc on Ihe melhod^ 
of Ihc Bnclenls ThoiiC were dayii when men rcfuied Id believe 
ihal a hca^'y bDdy falls al Ihe same rile aiv b lighlcr one, even 
when Galileo made Ihcm see il wuh Ihcir own eyes il Ihc loo I 
□f Ihe iDuerDl Pisa. Could lhc>' no I lum lo Ihe exi^l page and 
line of Arislolle which declared Ihal Ihc heavier body musl fall 
ihe TaEler' "E have read AriElolle's wnllngE fiom end lo end, 
many limes." wnnle a Jesuil pnnvincial Id Ihe malhemallcian and 
BslcanDmer, Chnsloph Sohcincr, al lngolsladl. "'hi>se Iclc^copc 
i^eemed lo reveal cerlaiu m ysic no us s po Is Dn Ihe sun, "and I can 
HEEure you I have nowhere Found anylhing Eimllar lo whal you 
describe Gd, my SDn, and Iranquilize your^elr; be assiiccd Ihal 
whal yDU lake focspjISDn Ihe sun are Ihe Taulls ol your^lasscE, 
orafyDur eyes. "The dead handof ,^rislDlle barred Ihc advance in 
every depanmcnl of research Physicians would have nolhing Id 
do WLlh Harvey's di^covenes aboul Ihccirculalion of ihe blDod. 
"N a lure is accused of loleraling a vacuum'" c^^.lBlmed a pnesi 
when Pane a I began hlsexpcnnicnlsoii Ihc Puy-dc- Dome iDihow 
Ihal ihe column af meicuij' In a glaE£ lube varle^i In heighr wiEh 
ihe pressure o f Ihe almospherc 
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170- DesiriiueVs slyfc of uriling. NcvcnhcLcs'v, aurlioriry 
cuunlcd lor Ic^iv al Ihi^ linii! iii Parj'^ Ihsn il ulid in ria]>', Bnd Ibic 
Iragcdy cniclcd in Rome when Galileo ■^is foircd Id deny hl^ [Hh5| 
inmo'il cdhvicI lo us il I he bidding ofi bnilsl I nquisiliDn eouLil no I 
have been slaved In France. HoEcnver, in Ihe lillle compiny i>f 
scicnlisls ol uliKh DesBiguei was a member Ihe iilmo^l liberty 
of rhonghl H nd CI pmib lan w H^ miinlBined One ve r>' good rciivDn 
Toilhe d isappearincc of Ihe work of Des argues I& Jo be found in 
hi!i ivly Ic of "■ rill n^ He failed lo heed Ihe icrj good advice given 

M 

him in a Leiler from hii wann idmirer Deicarles. "You may 
have IWD designiv, bolh very good and very tiudablc, bul uhich 
do nol require Ihe same melhod o f proced ure The one is lo write 
for Ihe learned, and show Ihem ^ome new pippcrlles of iheennic 
seclion^ which lhe>' do nol already know; ind Ihe olhcr iiv Id 
write For the eunDuik unlearned, ind ta do II so thil Ihiz mailer 
which imlil now has been imderslood b^i only a vcij' few, and 
which 14 nevenheles^ very uiveful far jietsreelive for painling, 
archileclure. ele., shall became common and ea^y lo ill who 
wish to&ludy Ehem In yourbooli ir>ou hive Ihe flrsl idea, I hen 
It seems lo me Ihal II is ncceTn^ar^' Id avoid using new Icnns, lor 
Ihe leamenl are 1 1 ready accuslomed lo using Ihose of Apollo nln^, 
and will nol readily change Ihem for olheri, Ihough beller. and 
Ihua youis will serve only lo render yourdemonslrBllDn:^ more 
difTicull. and la turn awiy your reidcis from your book. If 
you have ihc second plan in mind, Il is cerlaln ihal your lenns, 
which »re French, and conceived wllh spiril and grace, will be 
teller received by pcison'i nol preoccupied wllh ihosc of Ihe 
HncicnLv.... Bul, if you have that mlcnlian, ^ou should mikc 
of il 1 greal volume, explain II all so fully and ^a dl^linclly \ltti\ 
Ihal Ihoive ^enllemcn who cannol ivludy wilhoul yawning; who 
izannol dKlresii Iheir Imaginalions enough lo grai^p a pfopcvllion 
in geomclry, nor luin the leaves of i book lo look al Ihe leiler^ 
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in t figurf-'hsLI find uolbilug in your d iscoujsf mare iLlilflcuLl to 
undcisli nul Lbiiu I biir desi: cipi lu n ar i n cnch b hIcilI palscc in i Is try 
aloTj' " The J" ml of ihcsc rcmjrk^ a »pparcnl when wc nolc Ihal 
DcsBrgucs Lnl reduced SDincscvcnly nc* Irnn^ in his Lllllc boot, 
of ivbiLch only one, inwVjj'^ui , bias survived Cunously enough, 
ItiLS IS Ibic one Icmi ivlnglcd oul lor Ibic sbiarpc^l ^.rLllClsm and 
ndiculc by hla reviewer. De HcBugrand. Thil [>csc»rlcs knew 
ihc charieler of Dezargurs's audience bcllcr ihan he did is alvD 
evidenced by Ihe fad Ihal De Ecaugrand exhausted hib palienec 
in rf ading ihe flralleji pages or ihe book. 



171. Lack of appreciation of Desi^ues. l>»aigue!.'& meih- 
ods, enlirf J}' dlfferfnl Tioin Ihe inaLylic melhods juiil Ihen being 
dcvflofial by Dff arLeE ind Fciinil, seem Id have bcfn liL- 
lle undeislDod "Belween you and me," wrole Descarlci lo 
Hericnnc, "I c»ii bianJly fonn an Idea of wtial he may have 
wrillcii concerning conks " Denargues seems lo havf boHElfd 
ihal he owed nothing lo any man, and Ihil all his resulliv had 
come from his oivn mind Hiii fa vo rile pupil, [>c la Hire, did no I 
realize Ihe exi rao idln ary simplicily and genfralily of his '^orh. 
Il IS a remarkable fact Ihal ihe only one oT all ha a^ivociales lo 
undeisland and appreciale Ibic mclhod'i [>r Dcsargues 'vhould be a 
inr] I ad of slulcen years! 



172- Pascal and his Iheorem. One docv nol have Fd belioc all 
Itic marvelous slorics of Pascal's admiring iislcPv lo credil him 
wilti wonderful precocily Wc have Ibic fad Ihal in L640, "'hen 
he wassixleen yfaiE old, he published a lillle placard, or fuller. 
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cnnilftl "EszBy pour Ics canlquc," In whicbi his ^rcil Ibicorcm 
BppcBF^ lor I he fiPvl lime. His m»nncru£ pulling ll mty be a lillle 
puzzling lo one who has onJ^i aern il in ihe fnnn given In Ihl^ 
book, ind i[ itity be worlh ivbiile for ihe iiludenl lo compare Ibic 
Iwo melhaii'v nf Maling il UK given as fullows "IJ ru The plune 
t'j M, S. Q ive d'aiv th'ixtgh M Ihe Jnyi Ipie"! MK n'liS MV, itttii 
Ih'ixt^h ihe ;«iPiS S Ihe S\vn iiiie<^ SK nniS SV. und iet K be Ihe 
mtersecfitm i^MK <m<! SK. V Ihe brle'seel/on i>l MV ffd SV. A 
Ihe mferseclitii 0} MA o'liS SA iA is the inle'^eclein 1^ SV and 
MK>. and )i she mSersecSiuti a§ MV tiid SK: ""d if Ih'iHigh fwi 
fff Ihe jail' fiffintx A. K. ^. V. vi^hich are ni^ iir \he stime ^Irarghl 
line w'lh M aird S, saeh ti^ K o'lil V. we j?a^<^ Ihe crrciimjereirce 
t^ a ci'cle cidthiM Ihe Ibre-, WV. MP. SV. SK b' Ihe i>-''il\- 0. P, 
Q. N. i Djv Ihul ihe imes MS. NO. PQ ujt 1^ she hu///t i-Tder " 
{By "line^ of Ihf 'kimc oidec" PihcaL meanik llueii whkbi meel 
In ihf same poinl or ire panlLel.r By piojecling Ihe figure Ihu^ 
ideiicribed upon another plane bie \.^ able lo ivlBle his theorem Tor 
the ease where IhcclreLe is replacenl by any caule aeclion. 



173- ll a\M^\ be uniHeiMiHNl Ihal Ihe "Esiviy" Vit!- only 1 resuin* 
of B more exiended Irealibe on canics which, owing partly Id 
Piscal'E eMreme >'oulh, pirlly lo ibe dilflcully ol publishing 
■icieiilinc works in ihoze days, and also Id his laler morbid 
inleresi in religious mailers, was neicr publKhed Leibnl?. ~ 
e\ainined b CDpj Df IhecDmplele work, and h»' rcp-irled Ibial Ibic 
greal ItieoremDn ihe myvlic henagrim was made Ihe bBsib of Ihe 
whole iheDry, artd Ihal Pascal hid deduced ivDme iDur hundred 
earallariea fiom ll Thiiv would IndicBle Ihal here wis 1 man 
ibic lo lake ihe uncDnuecled malcrial'v ol piDjeellve geomelry 
iruL Ehape Ihem iniD some £:tch !iymmelnc;il edifice is we have 
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Id-day Unforlunalcly fo r a:if ucf , Panr bL^ e bcL> dcalh picvcnlcd 
It\c lurthf r dPL'f lopm f n I af Ihc ^ u bj a: I bI hU hBndb 



174. In ihc ~E&^iy" Fiscal gives full crfdji lo DfivBigues, i^B^'ing 
of one of ihc olher ptojcil Ildh'i, "Wc i«Dve ihis pror>crl>' bIivD, 
Ihc origin bL discoverer of which is M Desaijuei, of Lyoni, one 
of Ibic grcale^l mlnd^ of ihis age .. and 1 "'['vh In BctnowLedgc 
Ihal I owe lo him Ihe llllle ivhich 1 have discovered " This 
BcknDwIedgmenl led DescarlCv lo believe Ihil Pascil!i Ibcorem 
'vhnuld alikO he crediled Id Ociirgues Bui in Ibf sclenlific club 
i^hkh Ihe young Pascii allcndcd in cnrnpiiiy wllbi biiiv falhcr, 
who ivas bIwj ascicnli'vlof some repulilLon, Ihe Ibicorem "cnl bj 
ihc nijueof 'la PiscBlla.' ind Descarles's remarks do not seem lo 
hivf been laken seriously, which indeed is nol lo be wondered 
Bl, iieelng Ihil he was in ihe habil of giving scinl credil lo Ihe 
work dI other ikC lenl I flc Lnveslig iloni Ihan himiiclr. 



175- De la Hire and hk uork- O la Hire added Imle lo ihe 
dcvelopmenlof Ihesubjecl, bill hedidpul lnlo pri n Im uc h of wh al 
[1091 Dcsargues hid already worked oul, nol fully realizing, [x^rhir", 

how much "'as his own md how much he oived lo his Icacher. 
W riling In 1674 hesayv, "I have jusi reid for Ihe firs I lime H. 
Oes a rg ues's lillle IrealKe. md have made i copy of ll In order 
lo have a more jierfecl knowledge of il.~ ll waiv ihis copy Ihal 
■ijved Ihe wort of his maivler from oblivion. [>e la hire should be 
crediled, among olher I hingiv, wllh ihe invenlion ol a melhod by 
which figures m ihe plane may be Iransformed inio olheis of Ihe 
ainie order. His melhod t\ eMremely inleresllng. and will serve 
IS an exercise for Ihc sludenl in synlhclk piojeciivc geomclry. 
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1 1 IS as folio Wvi D/ny\' Swi I'liiuHel !ine^. it inni h. ihiiS ^et-t a 
S'o/m F b' Iher/ plant:. J!inKip,h uny j?t>'ii\ Mo} ihe j'ln'ie liiuw it 
line ff'ee'hig a rn A nnd b m B. Draw u line Shifiigh E ptimllel 
la AP. and lei il meel MF ne 'he pi'iirl W. I' fffuv he (^ivhtt 
/fjuf 'Ire f'l'/nT M' Ihiis I'hiiiineil diies ni/l deiiefd uI nil !?ii Ihe 
S'tiri/Litlti/ III} MAB used in ii€le'iii'iii"g il.fillm! \ve hiive s/^l n;< 
a one-Io-ane CI'/ resj'in'deiice between 'be I'i'hi's M nnd M' ru Jfjt 
j'luiie The slmJcnl may sbiow Ihil as M ddcnbcv i jxiinl-JDW, 
jW'dcvcnbcs a [XJinl-row projccl[>clo il. As A/ describes acnmc, 
A/' dec n bcv anol bicr CDH ic. This^orl of co rrdpamJcncc is called 
I ct^lSi'ieiU'im II will he fDuinH Ihil Ihc poiubi on ihc line b 
IranslDnn in Id IhcmsrI i'^s, asdo^v sisa Ihr 'viuglf point P. Poinl'i 
on Ihc line a IrinifDnn inlo poinls on Ibic Iluc al LiifinLl>' Tbic 
sludcnl should remove Ibir mclncil fcilurcv of Ihr conslcuclion 
ind like, in&lciil of Iwo parallel linci ii and b. my Ino linr^ 
which mi}' mcci in i flnilc pad of Ihc plinc The collincilion |ll(i| 
]!i 1 spfciil one in Ihil Ihr gr nccil one has an invanani I mug If 
imlf adof an invanani pcinl aEid hnf. 



176- Deszarle^ »ihI Kb inlliience. Thr lii!.HiFy of ^ynihriic 
pmjcclivc ■;coiii[:lr> hD'i lilllc lo do wilh Ihc wort of Ihc grcal 
philoiiophcr DcjicarlCi, cxccpl in m indirccl ivay. The mclhod 
of algcbnic anal^bin invcnifd by Jiim, and Ihc dirr^rcnlial and 
inlcgral cbIcuIus which developed fiom il, allraclcd all Ihr 
inlcrcsl ol Ihc malhcmalical ivorld for ncariy Iwo ccnIurLCi 
Bflcr Dcsar^ucv, md symhcln; gcomclry rccci vcd sc m I allcnUon 
dnnng Ihc mil of Ihc seven Iccnlhccnlury and forlhcgrcBlcrpBil 
of Ihc cighlccnlh ccniury II \^ difCicull for modems lo conceive 
of Ihc richness and viricly of Ihc problems which confron led I he 
fitJil workers lh ihe calculus To come inio ihe possession of a 
melhod which would solve almosi aulom»lLcall>' pioblcm^ which 
had balfled Ihc hcencsl minds ol anliquily, lobe able lodenve in 
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Hfcw momcnLk rfkuld whIcFi an A cchi mf ules had loilfil long and 
pHllcnily lo rrs^h nr a Gslllra had dele rmLued iz i periincul all y, 
Aiich was ihc haj^ty fH[>:ncncf or m i Ihf m al ici ans fnr a ccnlur> 
ind ■ half allcr O&cincv, and 1 1 is udI Id be wandeml il Ihal 
Hfong wilh Ih]^ cmhuMiHlic puiiiuil of new lhci>i?ms In inalyvls 
■vhcmld come a species ol conlcmpl for Ihc mclhods of Ihe 
inclcnb, so [hal in hi^ prerace Id his ~Mcchanlquc Anilylique," 
gmbJished in 1733, Lagnngc boiKls, ~One uill find no flgucciv in 
this worlL." Bui il Ihc close of Ibic cighlccnih cenlurj' Ihc field 
ojiencd up lo research by Ihc inveuliDn af Ihe cilculuii began 
lo ipjiear h> Itioroughl^' explored Ihal new melhodik and new 
lllll Dbjei:l£ of Inveivllgalion began lo allraci alleulion. Lagrange 

himivclf, in hii laler yeais, lumcd in weariness from inalyvls 
and mechanicv, and applied tiiinscir lo chem Kl r>' . ph^'sics, and 
ph I LoMiphn. »l s pec u I al ions "ThLv ivl ale o f m i nd," iviyv D» rbo ua , 
"we find almosl alwi>'& al cerliin momenls in Jhe lives of Jhe 
grealesi HcholiPv." Al anj rale ifler lying fallow far almoil Iwo 
cenluncs, Ihc field of pure geomelij' was allacked wilh almosl 
rcllgiDib ejilh us i asm. 



177- Newlon and Maclaurin. Bm In hiivieniiig on lo ihe epoch 
of Poncelel and Sleiner we should no I omil la menlian ihe work 

of fJewlan and Maclaucln Allhnugh Ihci r res u I liv were o blamed 
by anilysis for Ihc moivl pari, ncverlhelcss ihej have given 
Oy Iheorems which fall nalucally inio Ihc domain of synlhelic 
projecllve gcomelry Thus Ncwlon's "aiginic melhod' of 
genera ling come ivcc lions is closely relaled lo Ihe melhod which 
wc hive made useof InChipler [[[ 1 1 is as follows Iflwi'ii'i^lr:^ 
AOS uf'd AO'S. 1^ p'l^i:// mii)viiliiii<:<^ Sum trbixtl Sheu lesfitcSive 
ve'trcex, and 0'. rt .inch a Huy ihut the j?fr'iif of h'le'^ecli'xi. 



" Izi 111!] H ii>i ly D r ^^alhc mji im . E'lc Kb (ill LD n I II, 133 
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S. iij title ;<ii'r III It nnmSwity^ }ie^ im u <^niighS liii€. She pi'ini af 
'liter <xcfi!in. A, i^ She "the/ pi'h 0} wtL'^ wiSS describe a catiic. 
The i^Dof of Ihl^ ]^ Iff! Hi lhc!.lLidfnl. 



178. Anol her m cl biud pI general 1 ng iconic laduclo Haclaunn 
The coitvlnii: IId n . which wc aLHa Icivc for Ihcsludcnl lo ju^Ufy, 
m »^ folloiv^ If It SiiiiiEle C'PQ '"live ru stich a way ihi" il^ 
nittes. FQ. QC aid CF. Sum iinvind ihreejixed pi-a'Ss. R.A.E. |JI7| 
resj'ecl've!y. witrSe Svvfi i^ iss vei'rce'^, F. Q, -Jide uStmg Swijixed 
Ones, CB' and CA\ respecliveiy, then She 'etntibrrin vertex wilS 
desc ibe n conic. 



179- Desrriptite geometr}' and iKe SFCond rftrval. The 
'vccoihl revival ol pure ^ci>mclry ^i^ a'^iin li> Iflkc plBCc! bL a 
lime iif grcal 1 nIc I Lc^. In al B^.^1V[|J The period al Ihe close af 
ihe CLghlceulh and Ihe bcginiiiiig or ihc ninclcenlh cenlury Ie 
adorned wilh 1 glnnous lisl ol mighly nime'v, amonf which Bce 
Giu^iv, Ligrangc. Lcgcndrc, Liplacc, Mongc, Camnl, Poncclcl, 
Cauchy, Fourier, Slelncr, Von SiBudI, Hobiu'v, \bcl, »nd many 
Dlheis. The ren B iss ance may be ivaid lo dale from Ihc invenUan 
by Hongc of Ihe Ihcorj' of lies'. 1 i^'Sive geiitneSry Dcicnplive 
geomelry is co nccrned "'ilh Ihe represenl alio n of fig u res 1 n ivpicc 
of Ihree dl m cnivlo n' by means of spice nl Iwo dimensions. 
The mclhod commonly used consisis m projecllng Ihe spice 
figure on Iwc plines (a vcrllca] and b honzonlil piane being 
mojil convemenll Ihe projcclions being made mosi simply for 
melricBL purpriics Irom inrimlj in direclioits pcrjiend Ic iiLi r lo 
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Ibic l"'o plflncv nf projcclion These Two planes arc then mict 
la caincide by revolvLug Ihe horiionla] inio Ihe vecllcal abuul 
ihcli cam mo n line. Such is Ihe method ordnionpllvc geoniclr^ 
which in The hantti or Mongf aequired wonderful gfneralil^ 
and elcgince Pioblcins concerning forllficilLon'v were "iirkcd 
HO quickly by Ihis melbiod Ihal Ibic commandinL il Ihe milliard 
Achnnl al Mc£icre?i, whcic Mongc wis t drifDimin tnd pupil, 
viewed ihe resulEs with di^lruM. Mouge aflerward becimc 
Hm profcsiri r of m »l bicm alics alMe^lercv md g» Ibicred around him a 

group ol sludcnlsdeslined lo biave a^hare in Ibie advancemenlor 
pure geomelry. ^mong Ihc\c were HachelEc, Brianchon, Dupin, 
Chaslcv, PonceLel, lud many olhei!.. 



ISO. Doalil^v, hnmulog}', conliauiljv fODlii^enl relalions. 
Anilylic geomelry hid lell lilllc lo chi In Ihe wi}' of discovery 

of neiv malerLal, md ihc malhemilLcaL worLd waiv rcidy for Ibic 
CO nMnic I LOU ol Ihe cdiFice Tbic bcIivlIicv ol Ibie group of men 
lhal followed Monge were di reeled loward Ihi' end, and we now 
begin lo hciiof Ihe great unifying no lions of du a Illy, homology, 
conlinuHy conlingeni relations and Ibic like The devolees of 
pu re geomelry were beginning lo fecL Ihe need of a basis for Iheir 
ikeiencc whicti ikhould be al once as general and is ngorous I'l 
ihal of Ihe analysis. Their dream wis the building npol a 'yvlcni 
of geomelry which should be independeni of analysiiv Monge, 
and jfler him Pon^elel. 'ipcnl much Ihoughl on Ihc Mi-cailed 
"pnnciplc of com I null y," aflcrward'vdiscus'ved by Chisies under 
ihe name of Ihe 'principle of conlingeni relalions." To gel a clear 
idea of ihis principle, consider a Ihcorem in geomelry in Ihe 
proof of which cerlain auxiliary eLcmenbi are employed These 
elemenls do nol appear in ihc ivlalemenl of Ihc iheorem, and Ihc 
iheorcm mighl posivlbly be proved wilhoul ihcm. In drawing 
ihc Rgure for Ihc proof of Ihe Iheorem, however, some of ihese 
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crfmfuls laty hdI app^Br, or, as ihc inalyvl would '>ty. ibcy 
bccpmc Imaginarj. "Nu ma Her," say^ Ibic principle of con iLngcnl 
rcLallDU'v, 'I he Iheorcm is Inir and Ihc pnhin^k valid whr Ibirrltic 
elf mollis u^ed in ihc piDof arc real or unagmiiy " |LIJ| 



181- Poncelel and CaucK^v- The effons of Poncclci lo comjicL 
Ibic accepi ance of I biLS pnnclple i ndcjiendcnl of analysis cciulled 
in a biller and periiip:^ rnillles'k CDUIrovcPky bcluecu him and 
ihe grral inalyvl Cauchy. En he review of PDiii:clel''k great 
work on Ihe projccllve propcnic^ of Qgurcs Cauchji si}'&, 'In 
hi!i prelimlnarj dlivcourse Ihc aulhor insiMs once more nn Ibic 
neceiivlly of adniilling lnlo gcomclry ivbial bic calls Ihe 'pnnclpic 
of conlinuLly ' We have already dlHcuz'icd ihal pnnciplc ... and 
wc have found ihal Ihal principle [■>, property ipeating, only a 
'^Innng inducllou. which ciuuol he i nd iHcn ml n alely applied lo 
all iviini ol queslLon'v lh gcomelrj, nor even in analysis The 
reanons which we have given as Ihe bai^i^k of our opinion aie no I 
alTecled by ihe coniviilecal ions which Ihe aulhor has developed in 
his Trailedes Piopnelcs Projec lives dcv Figures " \llhoiigh Ihl'; 
principle isconslanlly made w^e of al Ihe prescnl day in all MiMii 
of invesllg aliens, careful geomelricians are in a^rcemcnl wilh 
Cauchy in IhK mailer and use il only as a convenieni working 
loo I for purpoiveiof exploralion. The one-lo-one correspondence 
belween geomeinc formiv and algebraic analysis iiv ivubjecl lo 
many and imporlanl exceplions The field of analysis K much 
more general Ihan ihe field of geomelry. and while Ihere may 
be a clear nolion in analysis lo, correspond lo every nolion in 
geomelry, Ihc oppoiile is no 1 1 rue. Thus, In analysis we can deal 
wllh fo ur coo rdi n ales as well aiv wilh ihree, bul Ihe eiislenceof a 
&pice of fo ui dl m enivlo ns lo co rrcspLi rtd lo il doCk no I Ihereforc |1li| 



" PDi]L(kl,Ti:ii( dci Pm|iiKlf^ Frorrtli'ci dci Fi^na IE 22 flcc f M7, 
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follow. Wbicn rhcgcomclcrijieati of rlic Iwo tcbI or Im aginary 
1 nIc rscci lo nil of a ■vlraighl Line "■ilh a conic, he 14 rca] I y spe b k ing 
ihc I m^ u age o f algcb ra. Aj'nrJjmf Fr Jfit u^jTf &nr b'volfffil.M clhc 
licLghl ol BbsunilHy lo try lo d [ivli nguiivh bclwccn Ihc livo poinl'i 
in nliich a Unc faUs Itf meel a conh:' 



182- TKe work of Poncfbl. Bm Poncclci''; righi 10 ihc uilc 
"Tbic Falhci i>f Modern G e^oiucI r>' " hJi>c4 nol sland or Till wilh 
ihc principle D f CD nil ngcnl rclilion'v. In spile of Ihc ftcl Ihal he 
coiiMdcrcd Ihis principle Ihe rrioivl impirlanl of »IL his discavencz, 
his rcpulilion rem on mare ivDlid loundalions He was ihe liisl 
lo sliidj figures /n li"tn'iS"gy.v<'h\ch 14, in elfcci, ihecolLlneilion 
described In § 175, where co rEcspj ndlug paluQ he on ulriighl 
lines ihrough a Tined point. lie was the first to give, by meiui 
of ihe Iheojj' of poles »nd jiolais, a Irinsfonnalion hy which an 
eLemenI is Iranslormed mlo anolhcr ol a dilTerenl sort. Poinl- 
la-polul Irinsfonn alio ns will so rriellmes generalize a theorem, 
but ihe IrHnsformilion discovered by Poucelel may ihioiv a 
ihcorem inio one of an enlirely diffcrenl I'jiccI The principle 
ol diialily, liisl ivlBled in definite form by G ergo one, Ihci'dilor 
of ihe JTiil hem alici I journal in which Poncelel published his 
researches, was based by Poncelel on hl^ theory of poleik and 
polaPv. He also pul mlo def mile fonn ihe no lions of ihe infinileLy 
dislanlelemenls in i^pice as all lying on a plane il Infinity. 



1S3- Tbf debl tihich unalj'lic ^omelr^ oues Id sjnthelk 
1114] Ceonielrj. The reaelion of pure geamelry on anBlylic geomclrj 

IS clearly iveen in Ihe developmenl of Ihe notion of ihe dns^of 
I curve, which iiv Ihe number of langciils Ihal may be drawn 



" Ccf^nnc. \iiiAlei de rViUlicmiiUfiifci. XVI, tl}}/ Ht!6 
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riom E polnr in b plane lo i given curvf Tying In Ihsl pLinc If a 
jxjini moves along a ci>iin., Il ls rtiy lo 'vhow — ind Ibic ■vludcnl 
la m:a [mnrnded lo rumi&h Ihc piDuf — Ihil ihf pcLir hnf wilh 
r«i[wcl lo H conk rcmalni langcnl lo anolhcr con ic THls niB>' be 
ciprcvscd by Ibc Malcmcnl IhBL Ibc come ls of Ihc 'vC^.ol^d order 
Bnd 3l'vi> of Ihe second cIbsiv. Il mighl be Iboughl Ihal If b jx^inl 
moved along a citbtc curve, ia point Line wllb re'ijvcl lo b come 
would remain lingeni lo Hnorhec cubic cnivc. Thi£ ^s nol ihc 
case, however, »nd Ibc invesllgalions of Poncelel tnd olhern lo 
delermlne Ihe cLb^iv of i given curve were Bflcrward complclcd 
by Pluckec The nolion of geomelrical Ith nafo cm i Ildh led aln> 
lo Ihe very ImpLiclanl developments in Ihc theory of invananlii, 
which, gcomelncBLIy. arc Iheclemcnis and configural ions which 
are nol alTecled by Ihe 1 ransfo rm alio n The anhirmonk rallo of 
To HI poma ^s such tn invin in*, since II remains un altered under 
all projcelive iTansformi lions. 



lS4-SteilKrGnd Kisuork- Imbc work of Pone del and bLseon- 
1cm[oranes Chaslcs, Bnanchon, Hachellc, Dupin, Gcrgonnc, 
and Dlhcjik, Ihe anbannonic rallo enjoyed t rundimenlal role. Il 
]!i made also Ihe basis of Ihe greal workof Sleincr. who was Ibc 
fits I lo Ireal of ihc come, nol aiv ihe projccllon of a circle, bul ti 
J be locuivof inlcrseclionof corrcvpondlng rayvol Iwo projeclivc 
giencils Sleinec nol onl>' relaled lo each olher, in one-lo-one |II7| 
coEiCkpondencc. polnl-iows and pcncih and all Ihe olber funda- 
menlal formiv, bul be scl inio corres po ndence even curves and 
■iurlBCCi of higher dc^rccv. This nciv and IcrllieconccplLon gave 
him an eisy and dirccl coulc inio Ihe moi^l ibivlracl ind difficnll 
regions of pure gcom dry Much of his work was given wilhoul 
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any IndicHrlon uflhc mclhod^ b>' u'hich bic hsd iinvizil al il, and 
many of hii revuLls hive only rcccnliy been vcniicd 



ISs- Von Slaudf and hrs work. To complcic iKr theory of 
gcomclrj B-. *c biavc il Lu-Jij il only rcmiincd lo free lI from 
iDv dcpeniLlcnce un Ihe iem I mcl ric al btm of ihe anh arnion ic 
rillo The work vts hcco m pi i& hed by Von Sliuidl, who 
applied himsell lo Ihe mvlBlcmcnl of Ihe Ibicory of geomelry in a 
form I nd cjicndcnl of anBLjIic and ^lelri^.al nDlions Tbic method 
uhl^h ha^ been w^ed In Cbiiplirr II lo develop Ihe nolion of lour 
hinnoiiic pjinLk by mrins of Ihe camplele quadnlBleral is dm: 
Id Von Sliudl His wort is cbiaraclenzed by a mosi rcmarkible 
generallly. In Ihal he iiv able Bi diseusz real and imBginar^' fornix 
wllbi e(|uil ease Thiii bie iivsunie* i one-lu-one correspondence 
bclwecn ihc poInQ and Itnes of a plane, and defines i conic 
Bs Ibic locuiv of polnbv "'hich lie on Iheir corrcs [x> nd ing linei, 
and 1 pencil of rays of Ihe second oniler as Ibic iiyslem of lines 
which pasi Itirough Ibieir co rres [xj nd ing pjinli The pjinl-mw 
and pencil of ihe second older miy be real or Imaginary, bul his 
Ibeorems ivlill ipply. An LlluslrilLon of a correspondence of Ihls 
■voM. ivhere Ibc conic is imBf.LnBry, K given In ^ 15 of Ihe fiisl 
IIIH] ctiapler. En defining conjugilc imaginary [oinK on a line. Von 

SlauLl made use of an involulion of pcmQ having no double 
poinliv. His melhods, while eleganl and pijwerful. arc hardly 
idapled lo an clemenl»r>' couisc, bul Reye^- and olher^ have 
done much lowird simplifying his prCkenlaliun. 



\in Sijuill . Ci [um [lji[ lIcc Ljirc Iftl7. 



" Bd^«., Ccc BUI FK dcr Lagc TanilUciTb} Hol£M<. 1397 



1S6 Rcccnl licvclopnicnls 143 

1S6- Recfol developmenls- ii would be an\y conrLLsing lo itif 
sludcnl lo allcmpL li> Iraic here Ihc Lfllcr dcvcio pm c n & of Ibic 
sc^c^cc of pro Ice li ic gco mc Iry. Il Lk concerned for Ihc most pi Ft 
with curves Bitd surfaces of t higher degree Ihan Ihc secDnd. 
Purely synlhelie melhodi hBvc been uivcd "'ilh marked su^.ce^i 
in Ihc ivludj' of Ibic sIrBighl line in spate The siniggle bcl*ecn 
HnaJ^'&i!! and pure geomelry has long 'vincccomc Ic an end Each 
has llsdi'ilincl advanlagci, md IhemalhemalKlBn whoculllvalc:^ 
one al Ihe expense ol Ihe olhcr wllL never allaln Ihe rcsuLl' Ihal 
Jie would alliin II bolh mclhods were equally rcad^ lo hiii hand. 
Pure geomelry haii lo Us credil 'u>me of Ihc flnenl dLscovenc^ 
In malhemBllcs and need nol Hpclogizc for having been bom. 
The daj ol Us usefuLnc'i'v has nol pasted WLlh Ihe Imcnlian of 
abridged nolaliun and of \ihar\ melhodiv in inalyvlii ^hile we 
miy be cerlim itial any gcomelncil ptoblem mi>' always be 
Alalcd in analytic lonn. ildoet nol follow Ihal Ihalslilemcnl will 
be ivlmple or easily inlerpfc led. For many malhcmalicians Ihc 
geomelric mini lions are weak, »nd for such Ihe mclhod wiLl have 
lilllc allraclion On Ihe olhcr hand, Ihere will alwB>'s be Ihose lor 
whom IhesubjccI will hive i peculiar glamor — who will follow 
wllh dclighl Ihe curious and uncxpecled relilioniv bclu'een Ihc |II9| 
forms of space There is t co rrespxj nding pleaivurc, doubllesi, 
for Ihe analysl in Iracing Ihe marvelous connetlions belween 
ihc vajioiia fields in which he winders, and il is ts abbuid lo 
^hul one's rya lo Ihc beaulicv m one as il n lo ignore ihose in 
Ihe olher "Lei us ^.ulll>Blc geomelry, Ihen," says D»rbou\,' 
"wllhoul ii'ishing in all pcinliv lo equal il lo iLk nval. Besides, if 
we were lempled lo neglecl il, Il woutd nol be long in finding 
in Ihe applicalions of malhcmalicv, aiv once II has aLrcady done, 
Ihc means of renewing lis life and of developing ilself anew 1 1 
IS like IhcGianl Aniacus. who renewed, hL^slrenglh by louehing 
ihe eanh " 
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or wilh which ihe phrase "Pmjecl Gulenbcig' is issocialedl k 
icccMied, diikpl a ycd, performed, viewed, copied or lI ib Iribu led 

HlK cBook IS Eor lie use of anyoic jay*kere Jl lo cc« 
jid ^'iili dlnosl lo rcil nn jcta'v ivkjlsoci'cr Voi m-ij cop> 
k, give ir away or re-une ii under ihc Iciat\i of ihc Pmjecl 
Gilcnbeig Liccisc iicludcd hi'iili iht cBook or auliac !U 
Till [i:''www |i]ie bIk rg nr° 

I.E.2. 
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If in I nd I vldu al PnijccI G u Icnbcrg i"'! cLccIjdhic "ork 14 dcnvcd 
from Ihe pub lie ilomiin (nloes no I coul alu b uoIlcc Lnili^iUng Ihal 
Ilia [wMf 1] A ] Ih jvc[ii]''vId n af I he CO PI' CLghl bio ldcr| , I he work 1: an 
be copied B nd dlsl n b uled Id anyanc in ihe Untied SIbIci ivilhoul 
payLng tny fees o r c h» rgcs Tf you arc rcdiMribulLng or pntvidLng 
Bccc^i lo a wiirt ivLlh Ihc phrase "Projcc I G u Icn berg' Bssociilcd 
wllbi or ippeanng an ihe WDik. you mubl camply cilher wilh 
ihc requirem f n Is a( piragnphs I.E. L through I.E 7 or obi Bin 
permission fur Ihc use of Ihe ivork and ihe Projecl Gulcnbcrgi"^! 
Iradciniik a;i&cl forlh in paragraphs I E.Sor I.E.^. 



1 E3. 

If an Individual PjdjccI Gulenbcigi"^! elcclromc wart is pnslcd 
wllh Ihc permission of Ihc copyrighl holder, your uiie and 
d IS Irlbu ILDU musl comply u'llh bolh paragraphs IE.] Ihn>ugh 
1 E T Hid any iddilional Icrms impoienl by Ihecopynghl holder. 
.\ddillonal lenns will be Linked lo Ihe FidjccI Gulenbcrgi"^ 
License for all wo rks posted * 1 Ih Ihc perm ission of Ihe copynghl 
holder found al Ihe beginni ng o f Ihis *ork. 



1 E4. 

[Jo nol unlink or dclach or remove Jhe fulf Piojec I G ulenbcrgi"^ 
License Icrms fiom Ihls work, or my files conlalning a pari of 
Ihia WD rt or any D Iher * ork ajioclalcd w 1 Ih Piojcc I G ulenbcrg"^. 



1 55. 

Do nol copy, displiy, perform, dLslribule or rcdislribule Ihl:^ 
etccljonic work, or any pan of ihc cleclionK work, wilhoul 
prominently displaying ihe scnlence sel forlh in paragraph I E.I 



164 An Elcmcnl B cy Couisf in Synlhclic Pjdjcc live Geo niclrj 

wllbi aclLvc links uc immndialc bc[:cfi& Io Ihe Tull lerms of itif 
PiD]cc1 G u IcjibcFg ti License 

J.EA. 

Ydu may convcrl to mil ili'lcibulc tha ivuck in any binary, 
CO mprc^iCiLl machcil up, nonpropricLirj or pro pn clary lorm, in- 
[:ludinf any word procc^'vlng or hyjicrlcil fonn However, iryou 
provide Bcce^s Io or diMnbulc copicv of a Projecl Gulcnbcrgi"^! 
work [n a formal olhcr ihan "PlBin VbulIIi ASCII or olbier 
formal WiCii in Ihe orflcial vciMon poi^lird on Ihc olficial Projecl 
Gulcnberg'"" web &ile thllp:/'www.giilenbcrgarg|, yon mu&l, il 
no aililillonaL cd£I, fee or expense Id the user, provide a copy, 
B mcini of cxporling a copy, or i mcaniv of oblalning a copy 
ujxjn reqiicvl, ol ihe work in ili original "Plain VBnilla ASCII" 
or o Ibier fo rm . Any al leni ale fo rmal mii'vl include ihc Tuli Projecl 
G ulcnbe rg '''I Liccnsf ts ivpecificd In paragraph I.E I 

1.E7. 

[Jo nol charge b fee for acce^iv Io, viewing, displaying, pcr- 
rormlng, copying or diMribuling any Projecl Gulenbergi"'! worki 
unless you com ply with paragraph I E 8 or I.E 9. 

I ES. 

You miy chugc i reabonablc fee for CD|qd of or pioviding 
Bcce;.'; Io or dKlribuling Pinjecl Gulenbcig"^ eLecliDnic works 
provided Ibial 

■ You pay a n>yally fee of 20^ of Ihe gross ptnfils you de- 
rive fiom Ihc ite of Piojccl Gulcnbergi"*! works caLculalcd 
using ihc mclhod you already use Io calculale your appli- 
oiblc taxes The fee is owed Id ihe owner of Ihe Project 



The Full Pnijcci Gulcnbcr'^ License 165 

G u Icnbcrg I"'! IrBdcmart, buL he his Bgrccd lo donalc loyBf- 
ll«i under Ihis pBragrBph lo Ihe PmjccI Gulenbcrg LUcrarj 
An: hrvc Found B lion Royally paymcnls musl bf paid wilbiin 
60 days foLlowmg en.bi dale on "'hich you prepare |or bic 
legaLly required Id prepare] jourpenodn; lax relumi. Roy- 
ally piyinrulii should be ^leariy marked is such andsrul Id 
iKc Project Gulenberg Literary Aichive Foundation it the 
address spre I fled in Seel ion 4, 'I nionn alio n ibo u I don b lio nil 
Id the ProJe^.l Gulenberg LLler»r>' Arc bine Foundation ~ 

■ Ydu provide a fuJL refund of any money paid by a user 
who notifies you in wnting for by e-mBil| wilhin 30 days 
of reccipl thai s/he doeii nol igree lo the terms of Itie fulL 
FmjccI Gulenberg'^' License You muil requi re s u^. bi a user 
lo relurn or destroy all copies of Ibic works pj^ieised in a 
phy&icil medium and diseonliuue all use of and ill Bcce?i^ 
loothercopies of Project Gulenbergi"" works. 

■ You provide, in accordance wilh paragrapbi I F.J, a full 
refund of any moiie>' paid for a work or a rcpl acemen I copy , 
if ■ defect in the eleclionic work is discovered and reporled 
to you within 90 daysof receiplof the work. 

■ You comply wilh all other lerm^ of this agreement for free 
dclnbuliDnol Projec I G ulenbeigi"^ worb.. 



I E.9. 

If you wish to chaige h fee or distribute a Project Gntenbcigi^ 
eLeclJomc wo rk o r g ro up o f wo i ks on dilferen I lerms Ibian aresel 
forlbi in Ihii agreemeni, you must oblain pcrmifsion in wriling 
from both I bie Project G ulenbe rg Lilerarj' Arc hive Found alio n and 
HicbiacL Hart, Ihe oiv ner o f I bic Projccl Gulenberg i"'! trademark. 
Conlacl the Foundalion as sel forlh in Seclion 3 below. 



l.F. 
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1 F 1. 

PiDjccI Gulcnbcrg ■■uLunlccr^ Htid employees expend oonsidcr- 
BbLc efforl lo idcnUfj dn copyrighl rescircbi on, ^rBn^cribe and 
proofread public ntoinalii ivorks in crcBlIng Ihe ProjccI Gulcn- 
bergii collecllon tJcvpilc ihe^e cfforls. P^OJC^.I Gulenbcrgi'^i 
ckclJDnic works, ind Lhe niedLum on which rhe^ miy bf E<occd, 
may cnnlain "Defccls," such »';, bul nol LImLled Id, incomplete, 
inaccurilc or comipl dala, I raniic ri plLon crrorji, a copyrighl or 
olhcr inleLleclual properlj Lnlri ngcmcnl . a defcc live or d am Bgcd 
dish or Dihcr medium, a computer virus, oi com pulci CDde?i Ihal 
d I m Bge or e anrtol be read by your equipmenl 



I.F2 



LIMITED WARRANTY. DESCLAIMER OF DAMAGES — 
ExcepI lor ihe "Righl of Replacemenl or Refund" described in 
piragTiph I F 3, Ihe Pnnjecl Gulciibcrg Lilcrarj Archive Foun- 
dB lion. I he owner of Ihe Proj e^. I □ ule n berg'^' IrademBrk, and any 
Dihcr parlj dKlnbulin^ b Projecl G u Icnberg i"'! eleelronk wi>rt 
under Ihi' Bgreemeul, dii^clalm all llabllil>' la yau tat damages, 
cojiD, and expenses, inclu^lmg legal fees. YOU AGREE TH.^T 
YOU HAVE MO REMEDIES FOR WEGLIGENCE. STRICT 
LIABILITY, BREACH OF W \RR \NTY OR BREACH OF 
COKTRACT EXCEPT THOSE PROVIDED IN PARAGRAPH 
F3. YOU AGREE THAT THE FOUNDATION, THE TRADE- 
MARK OWNER. AWD ANY DISTRIBLTTOR UWDER THIS 
AGREEMENT WILL NOT BE LIABLE TO YOU FOR AC- 
TUAL, Dl RECT, INDI R EOT, CONSEQU EN T I AL , PU M I Tl V E 
OR [NCEDENTAL DAMAGES EVEN IF VOLT GEVE WOTICE 
OF THE POSSIBILITY OF SLTCH DAMAGE. 



1 F3 
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LEMTTED RIGHT OF REPL \CEMENT OR REFUND — If 
you diH^DVcr i driecl in Ibiis clecliQn]^ work ailbiiu 90 dtyi 
of receiving lI. yaa cm lazcive t refund of the money {if any) 
you piid foi il by iiendiug i wnllcn expl anil ion Id Ihe pcPvon 
you received llie wort from If you ^c^.cll■cd Ibic itork on a 
phj'ici] mcdiurri, you muM iclurn Ibic mc^liuin *ilh yourwrHlcn 
expLBnalion. The jicrjion or enlily Ihil piuvided you wuh the 
defeclive work may elecl lo provide a repi acemen I copy in heu 
of B refund If you received Ibic work eLeclmnicBLIy. Ibic pcjHi>n 
or enlily providing il lo >ou may chooie lo give you t iiecond 
op[urlunily lo receive Ihe wc rh elecl ro nic all y in lieu of i refund. 
If ihc second copy is al^ko defeclive. you may ilemind i refund 
in ivniing Ailhoul further opporlu nil iCk lo fix Ihe problem. 



1 F4 



ExcepI for Ibie limiled righl of rcplicemeni or refund iel forlh in 
paragraph I F. 3 . 1 Kls Vf ork a provided lo you '.^S-IS,' WETH NO 
OTHER WARRANTIES OF ANY E^TND, EXPRESS OR IM- 
PLIED, EE^CLUDI E^G BUT NOT LIMETED TO WARRAE^TIES 
OF HERCHANTIBILETY OR FITNESS FOR ANY PURPOSE. 



1 F.5. 

Some silica do nol ailo» disclaimeis of cerliin impEied war- 
ranlies or ihe exclusion or limilalion of certain lype^ of damages. 
If iny disc la I mer D r 1 1 rrii 111 ion !iel lorlh in I his agreemenl I'lolales 
the liw of Ihe slale applicable lo Ihi:^ agreement ihe agreemeni 
^halE be inlerpfeled lo make Ihe maximum dinclaimer or limi- 
lalion [vrmilled by Ihe applicable 'lale law The imalidily or 
unenloiceabililyof any provision ol Ihiii agrecmenl shall nol void 
the remaining provisions. 
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l.F.6. 

INDEHHETY — You igrcc Id IndcmniFy ind hold Ihc Foun- 
dsllon. Itif Irademark nwnci, my agcnL or cmplDyeF of the 
FaundBllon. anyone praviding CDpi«i of Piojccl G ulcnbcrgi^i 
cLeclJDUic wnrks in iccordsncc nilh lhl& agrrcmcnl, anil any 
volunlcfis a^Hocialed wilh Ihc piodui: IIdu . pnmiDliDii and di'iln- 
buliDU of PnijccI Gulciibcig'*' cIcclronLC works, biannlcss from 
bII llsbilily, cosbv lud cvpru'ic^, including Icgsl Tees Ihal srisc 
dircclly or LndircclLy Irom Bny of Ihc lolLoivLng which you do or 
caiLkf Id occur iBldliilnbulionof Ibilivor any Pmjcc I G ulcnbcrgi"^! 
work, |b) ilEciBlion, mod i fic alio u, or addlliDU'v oc dclclion'k lo 
iny PiDjcc I □ ulcub erg '"" work, lud id any Dcrcct you came 



Section 2. 



Tnformalion abour ihc Mi^&ion of Projcci 
Gulcnbcvg*'-* 

Projcci G II Ic n b erf "E" \s ^ynonyinD us with ihc ficc diMcibulion 
nf cLc^.lmlllc works in fonnal'v rcadiblc by ihc widc^l \aricly 
□I compulciy including obi^olelc, old, m iddle-igcd snd new 
compulers ll cxl^l:^ becBusc of Ihe ffforls of huudccd'i of 
volunleers and don alio nn from jvople in all walks of lire. 

Vo I unlecrs and fi nanc i il ^u p[x> rl Id prov ide vo I unlcf rs "■ i Ih 1 bic 
B^'lilartcclhcy need, KcrilicBL lo reac h i ng Pmjcc I G ulenbcigi'^'i 
goaliv artd enivunng Ibial Ibic PnJJe^.l Gulenberg'^' collecllon wllL 
reniBin Ircely available for gcneralions lo come In 2001, Ibie 
Projcci Gulenbcrg Lilcrary Archive Foundalion was cmEed to 
provide a secure artd pennancnl fulurc for Projcci Gulcnbcigi"^ 
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and fulurc gcncri iLonH. To leant moic aboul ihc PmjccI Gulcn- 
bcrg LilcrBry \rchlvc Fo u nd al lo n and hoit jour clforls and 
don alio [l^ can biflp, iicc Seclians 3 and 4 and Ibic Foundiliau vicb 
page hL hllp:"www.pglal org 



Seclioii 3. 



Informal ion aboul ihc Frojcci GiUcnbcrg Lilcrary 
Archive Found anon 

Tlic Projccl Gulcibcrg Lilfriry ^rclilvf Fo u r d i lia n m i non 

prafjIfQ l(c)r3}cdjcjlK]iiil rorpocalior orf imzrd urdrrlli? Iihi'i 
Df Ih? blal? af MLShih£ippl ind grilled lex exempt hliluh by I lie 
Inlernl Pcveiuc Scrvjce The FauidaUcn'i EIN oc Federal lai 
IderliELralJon rum brr I& 64-622 1 54 I. Ilh 5D L [cIlH kilec 1^ jailed 
J I lillp //'ivw |Lilenbcrf ar°rCurdr]i£ing/pglaf C a i Irili ieI ld ni 
lo Ibc PrDJecl Gulerberg Lileriry Arcliive FDuniTillari aic In 
dedjflible lo Lbc lull ekieni perniLllciF bv U S Tederil lai^b and 
yaiir Halci \av>"^ 

Tbc FojndaliDr'i prim pal office i& Id e a led il45^7 Me In Dr. 
S Fii rb 11 h&, AK. 99712 IiiiIiIe volurleciii ard cmplDveea ice 
acilleccd ihcDu^liDul numerous loDalion^ lis li usiiLeFi oFFire le 
loeilcd alg09NDMli I5DD WesI SallLaleCily,UT 84 L L&, ^80 l| 
596-l3J7.eni]il b u h ir eis^ pf I a I.d rf Emilconlacl links ard up 
lo dile conlier info rm il in n rin be Conrd al Ibc Foundalinr'E '^eb 
fiile ind oFFLCial paf e a I hi Ipifyi* w *^ p| I if org 

For iddilionl eanlarl inform al i n r : 

Dr Gre|orv E Nev^by 
ChicEEiecmi-eiind Direciar 
g bie'« b> E p| l!if oig 
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Section 4. 



Tnformalion aboul Donations lo Ihc ProjccI 
Gulcnbcrg Literary Archive Foundalion 

Projecl G ule r b c rg I"'! depends upon Bitd CHnnnI survive wilhoul 
widciprcad public supporl anddanilLon'v iDcirrj' nul lis mLivSLon 
of incrcasLng Ibic nuinbcr ol public dumsin End Lkcnivcd *nrk^ 
Ihalcan be Ccccl> diMclbulird in machine ccid able fDmi icce^'vlble 
by Ihe widest array of cqui pme n I Including ouldaled equipmcnl. 
Many ivmall dnnBlloni {H Id (5,000^ irc parliculacly ImpjrlBnl 
lo mBinlaimng In cxempi 'vlalu'k wilh Itie IRS 

The FoundiliDn iiv commilled lo complying wilti Ihe lB»"i 
rcgulallng chBrilics ind chanlablc donilion'v in t\l 50 slilcs i>r 
ihr Uniled Slalcs Compliance cequircmcnls arc nol umform 
and il lakcv a CDnivldcrablc cfforl. mucbi paperwork md many 
Iccv In mcci and keep up wuh Ibicc rcquircm en bi Wc do 
nol solicil donallons In locilions ivlicrc wc hive nal rrccivcd 
wrillcn CO nfirmal ion of compliance To SENDDONATIOnSor 
delermlne Ihe sIbIus of compliincc for any parllculir ivlBle visil 
hi Ip '/w "■ w gulenbeig.arg'lundraising/donBle 

While VIC cinnol and do nol sollcil conlnbullons fiom iklBle^ 
where we hive not mel the sollcilalion ccqni rcmenl'v, we know 
of na prohibllion againsl acccpiing nnsoliciled ndanBllon'^ from 
donors insuchslBlCv wtio approach m wlltioiTenk lo donale 

Inlernalional don alio ns arc gra lefn I ly iccepled,bul nccannol 
make my srilcmcnl'i concerning lax Iceilmenl of donallon'i 
received fnnm ouliidc I he Unllcd Si ales. LT.S. laws alone !iw amp 
ourimall Miff 

Plcise check Ihe Projecl Gulenberg Web pages for cur- 
renl doniltDn melhods and addressee I>nnallons are ic- 
ccpled In a number of alher ways Including checks, online 
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^Byiricnrs lud cmHil canl l]D^Bl]□[l^ To donalc, pIcBsc vlsll: 
h lip '/www gulc n bcig.oigf iindr»i!ii ng/dou Hlc 



Section 5. 



General Informal ion Aboul Projccl Gulcnbcrg'' ^ 

electronic works. 

Proleshoc MicIibcI S Elsrl la llie ocigiiBlaroC Ihe Projccl Gulen- 
bcr|"^ conccpi of h libriry of cIcclronB: works Ihil could br 
ireriy shBrcd ivHh Bnyunc Forlhirly ycBts. he produced anddl^ 
Inbuled Projecl Gulenbcrg'"^ eHooks WLlh only a loose network 
of volunteer suppon 

Projecl GulenbergrM cBooks ire often crealed from sevcrBl 
pnnled edi lions, ill of which ire coufi rmed as Public Domiin in 
ihe U S unless i cop>TLghl nolice is included. Thuf , ive do nol 
necessarily keep eHoo ks i n co mpl la n^.c "'Hh an>' pa rlkuLBr paper 
ediJion. 

Each eBook Ie in i subdirectory' oT Ihe same number as Ihe 
eEook's cBook number, oflen in several ftjrrriBis Including plain 
vanilla A3C 1 1 , co m prcised Izippeull, HTML and olhcm 

Correclcd eJjJ irjn t of our eHoo ks replace Ihe old file and take 
over ihe old filename and eleil number The replaced older file 
Is renamed Ve/s'iy/s based on separale sources are Irealed as 
new eBoots receiving new filenames and cleM numberji. 

MosI people slan al our Web bile which has Ihe main FG 
aearch facililj: 

bltp:flwww|HleBberg org 
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This Web Mic IncLudni infonn al ion aboul ProjccI Gulcn- 
bctgi'i, [ncludlng hnv, li> mskc dDnilLon'v Id Ihc ProjccI Gulcn- 
beig LilcFHry Archive FouimIiIlou, how to help produce a ur new 
cEoaks, and how lo ivubscTibc Id our email newsLcllcr lo hear 
ibDul new cBDDt'^. 



